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SUMMARY
The main objective of the research was to develop a means 
of numerically predicting the turbulent flow f ie ld  in a baffled  
agitated vessel.
This has been achieved by way of the 'k -e '  model of  
turbulence. An extensive review of the l i te r a tu r e  on turbulence 
modelling is given to support that choice. A range of experimental 
studies concerning the flow in an agitated vessel, which is 
driven by a turbine having f l a t  ve rt ica l blades, is reviewed for  
the purposes of va lidating predictions, and setting  boundary conditions.
Q ualita tive  agreement only is found between the predictions 
and experimental data for the three mean ve loc ity  components a t  
places where such data is availab le . The ve rt ica l plane flow 
pattern is in q u a lita t iv e  agreement with observations. This w i l l  
remain the case u n ti l  more detailed experimental measurements are 
made. Swirl ve loc ity  predictions are much less certain than the 
v e rt ica l plane components, however. This is a ttr ibu ted  to the 
assumption that gradients in the circumferential d irection can be 
neglected. To account d ire c t ly  fo r  swirl reducing b a ff le s , i t  is 
shown that a specia lly  constructed source term in the swirl momentum 
equation, may lead to a r e a l is t ic  simulation of th e ir  e f fe c t .
Comparisons of turbulence predictions are d i f f i c u l t  to make 
in view of a general lack o f re l ia b le  data. - The results of this  
work are encouraging however, in that impeller stream turbulence 
is shown to be highly non-homogeneous, while turbulence in the 
rec ircu la tion  zones is homogeneous by comparison, except near walls. 
Furthermore, turbulence variable  d istr ibutions  seem to be q u a l i ta t iv e ly
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correct though magnitudes are much less certa in . The integrated  
rate at which turbulence k in e tic  energy is dissipated into heat, 
is predicted to be equally divided between the impeller stream 
and recircu la tion  zones.
F in a l ly ,  i t  is shown tha t there is  much scope fo r  improving 
the model through a closer examination of impeller boundary conditions, 
by adapting more appropriate models to simulate b a ff le  e f fec ts ,  
and from wider comparison with experimental data by varying the 
system geometry.
-  i n  -
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Nomenclature 
a area
d j j  tensor used in discussion on turbulence modelling
c o e ff ic ie n t of (j)^ - in FDE's 
A^  c o e ff ic ie n t of cj)^  in oriented FDE's
Ai co e ff ic ien t of in FDE's a f te r  elim ination
A^j surface in tegral in pressure-rate of s tra in  equation
b impeller width
c o e ff ic ien t of in oriented FDE's 
BÎ 'constant' term in FDE's a f te r  elim ination
Cg ce ll face convective flux
'constant' term in oriented FDE's
1 constants in dissipation equation
Cp constant linking the eddy viscosity to k and e
Cr. pressure induced drag coeffic ien tUr
D impeller diameter
Dj tank diameter
Dg ce ll face d iffus ive  flux
DIFF diffusion term in transport equations
D-jj decay rate tensor
E(K) energy spectrum of turbulence
E roughness constant in wall functions
f  ' function used in non-isotropic v iscosity theories or 
impeller boundary conditions 
f  z -deriva tive  of f  in impeller boundary condition
fu blade-passing frequency
- v n  -
Fr system Froude number
FDE f in i t e  difference equation
G turbulence generation rate per un it volume
g acceleration due to gravity
H height of agitated vessel
He impeller clearance height
I turbulence in tensity
to ta l f lu x  through a cell face
k turbulence k inetic  energy per un it mass
K Wavenumber
I turbulence length scale
ITIn ,nin jlTlp,
constants used in Reynolds stress modelling
Mg,etc.
N impeller rotation rate
Np system power number
'Q impeller pumping number
% number of impeller blades
P pressure
P system power consumption
Pe cell Peclet number
Q impeller pumping capacity
r radial co-ordinate
r cy lindrica l co-ordinate radius vector
Re system Reynolds number
turbulence Reynolds number
RS^ residual source of cj) at P
RS'*' reference residual source of (f)
- v m  -
j  mean flow rate of strain tensor
source term in the (j>-equation 





TDMA tridiagonal matrix algorithm
T^j Reynolds stress tensor
t  time
u radial ve loc ity
u^  Cartesian ve locity  component
ve loc ity  vector
V swirl or tangential velocity
V volume
Ve ce ll  volume
w axial velocity
x^  Cartesian co-ordinate
X ,  y Cartesian vectors
X point on impeller periphery
y co-ordinate normal to a wall
free surface displacement 
z axial co-ordinate
Z p Z 2 axia l positions where u over goes to zero
Az axial position increment
-  I X  -
Greek
G,G,Y system geometric parameters (see Fig. 3.1)
G.j contribution to p 'S l j  due to mean shear
contribution to p /S !j due to a nearby wall 
exchange coe ff ic ien t for 
j  kroneker delta
relaxation parameter for variable (p 
£ turbulence energy dissipation rate per un it mass
6 angular co-ordinate
K Von-Karman's constant
Xf longitudinal microscale of turbulence
eddy viscosity  
p f lu id  viscosity
V f lu id  kinematic viscosity
p f lu id  density
Prandtl number for (f>
Z  surface swept by impeller
horizontal part of impeller 
impeller periphery 
wall shear stress 
p  stream function
(p general transport variable
w v o r t ic i ty
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Subscripts
i , j ,m ,n ,  etc. Cartesian components 
(p pertaining to the variable (p
r , 6 ,z  cy lindrical components
T pertaining to the law of the wall
N,S,E,W scalar nodes on computational grid
n,s,e ,w  nodes on scalar cell walls
*  non-dimensional variable
0 variable at X (see Fig. 3.1)
0 denotes conditions at a previous i te ra t io n
Superscripts
t i ld e  -  denotes instantaneous conditions
— overbar -  denotes conditions in the ensemble mean
' prime - denotes a f lu ctu ating , or correction quantity
(p pertaining to the variable <p
*  denotes the provisional value of a variable




Cylindrical vessels containing l iq u id  and which are equipped 
with an ag ita to r to provide the energy input fo r  the maintenance of  
f lu id  motion, are widely used in mixing operations. Typical process 
operations include the blending of immiscible l iq u id s , l iq u id - l iq u id  
contacting, the formation of gas-liquid dispersions, and the suspension 
of solid  partic les . Often, many mixing processes w i l l  also involve 
heat transfer, with mass transfer and chemical reaction frequently  
determining the overall requirements for mixing.
The above operations which apply mainly to the o i l ,  chemical 
and processing industries, are usually run on a continuous basis 
where elements of the vessel contents have a f in i t e  residence time. 
Batch production of material is also employed, p a r t ic u la r ly  where 
the mix is l ik e ly  to foul tran s it  lines , or when only small quantities
of product are desired a t any one time.
Agitated vessels and reactors are designed fo r  specific  
process requirements, such that the desired end product is obtainable 
at least cost. However, 'mixing' involves many complicated 
and complex phenomena. Even a q u a lita t ive  appreciation of many 
events comprising the whole process may be d i f f i c u l t  to obtain.
This is because e ith e r  the physics necessary fo r  th e ir  prediction  
has ye t to be determined, or technology has y e t to supply equipment 
which can measure or compute such events down to the f in e s t  scales.
These lim ita tions  are added to by the fa c t  that mixers are often
encumbered with many controlling geometric parameters. Consequently,
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the s t r i c t  optimization implied above is largely  em pirically  
based.
A fundamental understanding of mixing is a v i ta l  requirement 
in view of increasing capital and overhead costs. Overdesign, largely  
resu lting from ignorance of the processes involved, is an unwanted 
contributor to this upward cost trend. To ra tio n a lize  the s ituation  
i t  is recognized that a study of f lu id  mixing should concentrate 
on a pa rt icu la r  system, and the process i t  induces, fo r  any s ig n if ican t  
progress to be made.
This introduction w i l l  discuss the main components of a 
mixing system. Attention is focussed on how they induce processes 
that proceed most e f f ic ie n t ly  in a turbulent environment. The 
chapter closes with a statement of the main objectives of the research 
embodied in this thesis.
B r ie f ly ,  the energy source is known as an a g ita to r  (often  
termed an impeller or s t i r r e r ) ,  and unless otherwise stated, i ts  
supporting shaft is concentric with the vessel axis. Baffle  plates 
are often included in the design. Unless otherwise stated, a 
baffled  vessel w i l l  have four baffles f i t t e d  along the curved w a ll ,  
p a ra lle l to the impeller shaft, and be positioned symmetrically 
with respect to each other. I f  the b a ff le  width is one tenth of the 
vessel diameter, the system is known as a fu l ly  baffled  agitated  
vessel ( 1) .
Now, correct selection of the ag ita to r  is crucial to the 
operation concerned. I t  is well known that impeller design 
governs the flow pattern in the vessel and th is ,  through i ts  tendency 
to convect mass, heat and energy e tc . ,  is l ik e ly  to be rate controlling.
-  3 -
Most often , a process involving agitation depends on local 
turbulence leve ls , whereby a mean flow is referred to. The in s ta b i l i ­
ties leading to turbulence require that the la t t e r  be fed with 
energy by the mean flow (2 ) .  This sub-domain of hydrodynamic 
a c t iv i t y ,  l ik e  the mean flow, possesses i t s  own though not generally in ­
dependent id e n t i ty ,  that can only be maintained in the presence of 
mean ve loc ity  gradients. Turbulence too, is convected by the mean 
flow. I f  the process resu lt is enhanced by high local values of 
turbulence energy instance, an ag ita tor which causes large mean 
ve loc ity  gradients and substantial mean flow ra tes , should be chosen. 
Typ ica lly , the mixing of d if fe re n t f lu id  phases proceeds with 
greater e ff ic ie n c y  when the turbulence energy is high (3 ,4 ) .  One 
reason fo r  th is is that the scale of the random motion of turbulence 
is much greater than that of molecular motions, so that turbulence 
is many times more e ffec tive  in dispersing matter ( 6 ) .  A detailed  
review o f current research in this area may be found in the book 
by Brodkey (27 ).
Designers of turbulent agitation systems, using available  
design c r i t e r i a ,  must balance the e f f ic ie n t  handling o f the processes 
cited above with both capital and overhead costs. So i t  has 
become recognized through experience, that dispersions are best 
achieved in agitated vessels by choosing an a g ita to r  which f u l f i l l s  
the conditions stated above, yet does not draw an excessive amount 
of power. Various propellers and turbines meet this need since they 
have small blade areas and rotate at high speeds. As suggested by 
th e ir  name, propellers drive f lu id  a x ia l ly ,  but i f  a radia l discharge 
is desired, a turbine having f l a t  vertical blades could be employed.
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Inclined blade turbines are often used to combine the effects  of 
axial and radial discharge. Gates et al (7) assert that radial 
flow agitators are preferable for gas-liquid mixing, while axial 
flow impellers are appropriate for liqu id  solid and general l iqu id  
mixing. These agitators however, are not suited to the mixing of 
high viscosity flu ids  ( 1) .
There are impellers such as the gate, anchor, and helical  
ribbon which have large blade areas, and are therefore better  suited 
to the ag ita tion  of high viscosity liquids (1 ) .  Impellers such as 
these extend over the fu l l  axial dimension of the mixing domain. 
Greater deta il on impeller types and applications is given by 
Sweeney (8 ) ,  and Penny (9) describes recent impeller designs.
The additional complexity aris ing from the presence 
of baffles  w i l l  now be explained, because l ik e  the a g ita to r ,  baffles
also play an essential role in determining the flow pattern ( 10) .
I t  is instructive  to begin with a consideration of free  
surface deformations. For present purposes, there is no point in 
trying to account for turbulence.
Let the system be unbaffled, and such that i ts  steady 
state operation is governed solely by the impeller rotation rate  
N and diameter D. The flow is axisymmetric with z-axis  pointing  
toward the liqu id  surface.
Let p and z^ denote the f lu id  pressure f ie ld  and surface 
displacement from equilibrium respectively, and define dimensionless 
variables by
p = pN^D^p*. Zj = Dzj^, ( r ,  z) = D (r * ,  z*)
u  =  ( u ,  V ,  w )  = ND(u*, V * ,  w * )
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Here, u, v and w denote the ra d ia l ,  tangential ( i . e .  sw ir l)  and 
axial ve locity  components respectively, r  is the radia l co-ordinate, 
and p denotes the f lu id  density. Then it  follows from the axial 
component of the Navier-Stokes equations, that i f  the axial ve loc ity  
is n e g lig ib le ,
T * p *  = -  F r " T ( d Z g * / d r * ,  1) 
where V *  =
2
and Fr = (1 .1 )
is the system Froude Number. Furthermore, i f  radial in e r t ia  forces 
can be neglected in favour of centrifugal forces in the radial 
momentum equation, there results
Consequently, a large surface deformation in the form of a central 
vortex is possible i f  the Froude number is high. Furthermore, i f  
this purely i l lu s t r a t iv e  model is typical of the more general 
situation  for unbaffled systems, gravita tional forces must be 
retained in the equations of motion. Indeed, the free surface can 
be sucked down to the impeller i t s e l f  i f  Fr is s u f f ic ie n t ly  large (11).
This poses scale-up problems fo r  non-baffled systems.
I f  a t one scale the vortex does not reach down to the im peller, 
the power input required for s im ila r ity  in the scaled up system 
may be impossible to a t ta in ,  because a t lower power inputs, the 
vortex may have already reached the ag ita to r . Any further increase
-  6 -
in power is to no a v a i l .  Generally, i f  both the Reynolds number
( 1 .2 )
and Fr are needed fo r  a complete description of the dynamics, dimensional 
arguments reveal that a scale-up with respect to ve loc ity  is impossible 
i f  the same f lu id  is to be used, under the same external conditions ( 12) .
I f  swirl is substantia lly  reduced through the action of 
b a ff le s , the free surface may be almost f l a t  even though Fr is 
large, depending on the extent of b a ff l in g . By comparison to Re, 
the Froude number ceases to be e ffe c t iv e ,  and the former becomes the 
only dynamically controlling parameter o f importance. The v a l id i ty  
of this argument, which is based on a very approximate analysis, was 
confirmed experimentally by Rushton et al (13). They examined the 
power number re lationship for geometrically s im ilar systems:
Np = P/pnV  = Np(Re, Fr) (1 .3 )
Where Np denotes the power number, and P is the power input.
An important feature of power number correlations when 
applied to baffled systems arises when one wishes to know the smallest 
value of Re beyond which fu l ly  developed turbulent flow conditions 
may be expected. From the data of Rushton e t al (13, 14) Re = 10^ 
is assumed to be appropriate. When Re > 10^ data reveals
Np = Np(Re) = constant (1 .4 )
This resu lt is expected in view of the re la tion  p* aN^ (15) and the 
re la t iv e  importance of the terms in the Navier Stokes equations a t  
large Reynolds numbers.
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Some unbaffled systems are f i t t e d  with a surface cover 
fo r  the suppression of the central vortex. Agitation equipment 
of th is  kind were studied experimentally by Laity  and Treybal (16) 
who obtained the correlation Np = Np(Re). In some respects this  
system appears to have the advantage over those f i t t e d  with ba ff les .  
Weinstin and Treybal (17) suggest that they are more e f f ic ie n t  than 
the la t t e r ,  because the power input required to achieve a given 
Re >10^ is s ig n if ic a n t ly  smaller. But fu rther investigation  
reveals that while Np is constant when Re>10^ in baffled  systems, 
i t  is weakly dependent on Re in closed unbaffled vessels when Re 
exceeds 10^. This implies that i f  the flow in baffled vessels is 
f u l ly  turbulent when Re >10^, a s im ilar flow condition is un likely  
to e x is t  in sealed non-baffled systems, and there may be no low 
power advantage with the la t te r .
Unbaffled systems are not well represented in the l i te ra tu re  
because o f the general b e lie f  that the resultant flow properties are 
inadequate fo r  many purposes. Some evidence to support this is  
given by Bowers (18) and Nagata (10) who present mean flow and 
turbulence measurements for open unbaffled vessels. Nagata e t  al (19) 
report s im ilar measurements for closed unbaffled systems. Both types 
of vessel flow exh ib it  s im ilar flow patterns in that swirl predominates 
while vert ica l plane velocities are secondary. This suggests that 
in regions remote from walls and the im peller, mean velocity  gradients 
are small. This is very evident in the radial p ro files  of v (19) 
which are essentia lly  independent of axial position z. The flow 
should be compared with that Induced by a classical l in e  vortex. So 
i t  is not surprising that in unbaffled systems, the turbulence 
level a t re la t iv e ly  high Reynolds numbers is low, because pronounced
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turbulence can only ex is t in the presence o f large mean velocity  
gradients, an e f fe c t  represented by the 'production' term in the 
equation for turbulence k inetic  energy transport ( 2 ) .
Baffled systems on the other hand have d if fe re n t  characteris tics ,  
due to swirl reduction and increased v ert ica l plane flow. For turbine 
driven flows, the suppression of swirl is compensated fo r  by an 
intense radial j e t  issuing from the im peller. This j e t  supports 
an important rec ircu la tion  flow back to the im peller. The flow in this  
system has larger more widely distributed mean ve loc ity  gradients 
than unbaffled vessels, and therefore, higher turbulence energies at  
points d istributed throughout the vessel.
Now the principal objective of this thesis is to develop 
a means of predicting the turbulent flow in a cy lin drica l mixing 
vessel. The flow is driven by a turbine with six f l a t  v e rt ica l  
blades mounted on a disc concentric with the im peller shaft. The 
configuration of in teres t is shown schematically in F ig u re ( l . 1 ) . In view of 
e a r l ie r  remarks, this work concerns only baffled systems.
Turbulent flow prediction requires that the values of 
many variables be calculated at each point in the flow domain. This 
is achieved by solving the partia l d i f fe re n t ia l  equations describing 
the transport of specific  quantities such as mass, momentum and 
energy. But although the need for such a fundamental approach is 
already well established (20,21,22,23,24) no contributions based 
on solutions of the relevant equations have appeared so fa r .  The 
reason fo r  this is twofold. F i rs t ly ,  any model of transport fo r  
agitated vessels must be based on numerous equations which are always 
non-linear, and strongly coupled. Conditions a t a l l  boundaries
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(there are many) must be specified because the equations are e l l i p t i c ;  
the la t te r  may also be time dependent depending on how sophisticated  
a model is  proposed. Also, the character of the flow for baffled  
systems demands a t f i r s t  sight, a fu l l  three-dimensional treatment. 
Secondly, the nature of these models requires that they be solved 
numerically. This is feasible only i f  large fa s t  d ig ita l  computers 
and e f f ic ie n t  numerical algorithms fo r  the handling of very large 
sets of non-linear algebraic equations, are ava ilab le . Until recently, 
this has not generally been the case.
There are several powerful arguments in favour of developing 
models of physical processes relevant to industry, and procedures 
fo r  implementing them. A method enabling the user to predict the 
vector and scalar f ie ld s  that are created w ith in  industria l  
equipment, gives him a better understanding of the physics involved, 
and also a knowledge of those fie lds  that cannot be measured re l ia b ly .  
One such f ie ld  is that of the turbulence energy decay rate e (25 ).
This variable influences droplet size d is tr ib u tio n s , y e t  system 
mean dissipation rates are currently used (2 6 ).  The dimensionality 
of this p art icu la r  system suggests that a systematic program of 
point measurement is impractical. Indeed, long term experimentation 
is expensive, and i f  undertaken, may y ie ld  a f in a l  resu lt  tha t proves, 
fo r  a l l  practical purposes, to be no better than one obtained by 
calculation. Calculations as envisaged here are often supported 
by experimental data as i t  becomes ava ilab le . F in a l ly ,  prediction  
procedures when properly validated and s u f f ic ie n t ly  general, should 
o ffe r  more certain design strategies fo r scale-up than those currently  
availab le .
-  1 0 “
Scale-up methods in this f ie ld  of engineering have been 
based on correlations among non-dimensional parameters such as a 
Nusselt number, Prandtl number, and Reynolds number. They are 
usually determined a t  the p i lo t  plant level (2 8 ) ,  and used to design 
the operating plant (29 ). But th is  procedure has i ts  l im ita t io n s .
For example, l e t  4)* be any dimensionless variable such that i t  
is  uniquely given a t a point by the re la tion  #*af(Re) = Re '^, 
fo r  constant f lu id  properties and geometric s im ila r i ty .  Let system 1 
and system 2 be the p i lo t  and operating plants, respectively. Suppose 
that suspended p a rt ic le  heat transfer is of in te re s t.  Then, fo r  
a fixed p a rt ic le  s ize , and turbulent flow, m = 0.67 i f  4)* is a 
Nusselt number (3 0 ), and m = 0 i f  4> is a flow property. So i f  a 
constant heat transfer co e ff ic ie n t is desired during scale-up, the 
resulting flow conditions may introduce adverse e ffec ts . These 
correlations are lim ited further by th e ir  fa i lu re  to account fo r  
inhomogeneities. Also, geometric s im ila r ity  cannot normally be achieved 
in multiphase s ituations, for the p a rt ic le  size would in that event, 
be scaled up by the same factor as other l in e a r  dimensions. Thus, 
a serious disadvantage facing designers of equipment arises when the 
actual equipment is large, and they are forced to draw conclusions 
from tests on scaled-down models. Not a l l  the important factors  
are duplicated on scale-up (31).
Thus fa r ,  the emphasis has dealt f a i r l y  generally with 
processes in mixing and th e ir  calculation. To be more sp ec if ic ,  
a long-term goal would be the development of methods for calculating  
mixture compositions, reaction rates, zones.of heat release and 
temperature f ie ld s ,  and for simulating a range of multiphase phenomena.
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This is l ik e ly  to take many man-years to accomplish because of 
the shear volume of computation, validation by experiment, and 
theoretical development required. However, i t  is  important that  
advances be made i f  a more rational basis fo r  designing turbulent 
mixing equipment, is to be established.
Now the behaviour of a l l  variables that describe the state  
of the vessel contents, depend on the mean ve loc ity  f i e ld ,  and 
certain quantities that characterise the turbulence. That is ,  
the turbulent hydrodynamics. So the work reported herein deals 
exclusively with th is  aspect of ag ita tio n , though re la t iv e ly  
straightforward extensions would include the prediction of 
composition and temperature f ie ld s ,  as well as some multiphase 
simulations.
Chapter two reviews and discusses current practises 
in turbulence modelling. I t  is here that the variables of 
in teres t are id e n t if ie d .  Chapter three is a l i te ra tu re  review. I t  
discusses in some d e ta i l ,  the flow in a baffled  vessel as depicted 
in figure 1.1. This provides the necessary insight fo r formulating 
boundary conditions. Existing models of the flow in mixing equipment 
and other such systems are also reviewed here. In chapter four, 
the equations and boundary conditions which comprise the hydrodynamic 
model, are presented. The computational g r id , f in i t e  difference  
approximations to the exact equations, and procedures fo r  solving 
these, are given in Chapter f iv e . Chapter six presents and compares 
with available data, predictions obtained from the model. The work 
is concluded, and recommendations are made for future research in 
th is  area, in Chapter seven.
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CHAPTER 2
TRANSPORT IN NON-HOMOGENEOUS TURBULENCE 
AND TURBULENCE MODELLING
2.1 Introduction
Non-homogeneous turbulence is a frequently occurring phenomenon 
in engineering because (a) the flow domains are always bounded;
(b) the dimensions of process equipment and associated f lu id  ve loc ity  
scales are often large; (c) the kinematic viscosity of many f lu ids  
is smal1 .
When systems operate at large Reynolds numbers the re la t iv e  
magnitude of v iscosity can be so small that viscous e ffects  in a flow 
can, a t  f i r s t  s ight, appear vanishingly small. The non-linear  
terms in the momentum equations however, counteract this by generating 
motions a t scales small enough to be damped by viscous action. This 
is an essential mechanism, fo r  the k in e tic  energy of a steady flow 
would otherwise increase with time.
In s ta b i l i t ie s  of this kind resu lt from constraints put on 
the flow by walls and shear layers. Consider, fo r  instance, the 
high Reynolds number one-dimensional flow of f lu id  along a w a ll .  A ll 
energy carried by the flow is dissipated in the boundary layer a t  
a rate  vfdu^/dxg^per unit mass, where u-j denotes the longitudinal
•k
v e lo c ity ,  and Xg is the cross-stream co-ordinate. But since du^/dXg 
is very large, the maximum value of Xm fo r  which i t  is non-zero w i l l  
be less than the scale of the mean motion. Small scales of motion are 
then produced in the boundary layer to ensure satis faction  of the energy 
balance fo r  the flow as a whole.
*  1 8u. 3u.
For more general s itua tions , the local stra in  rate  S. • =
should be the subject of this discussion. ^ j  i
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Now, the eddies (scales of motion) produced in th is  way are 
carried along by the main flow, penetrate into i t  to some extent,  
and in terac t With each other in such a way that energy is transferred  
down the size range by a l l  but the smallest eddies, which suffer  
an immediate loss of energy to heat. This process is known as turbulence. 
I t  is stoichastic in nature because instantaneous events are unpredictable, 
and inhomogeneous, in that regions of eddy penetration in to the main 
flow have a lower frequency of eddy-eddy in teractions.
A turbulent flow is predicted by calculating the s ta t is t ic s  
o f a l l  random variables describing i t .  I f  th e ir  jo in t  p rob ab ility  
density were known, the entire  process would be determined in the 
true ensemble averaged sense. But the means of calculating this  
function are not availab le , while its  measurement is an impossible 
task because at present, no experimental program could accomplish 
the number o f rea liza tions  involved for an accurate determination.
An approach that is invariably followed however, is to go immediately 
to the s ta t is t ic s  of in teres t through a process of time averaging, 
where an ergodic hypothesis is assumed to hold. This is relevant 
to steady flows, but i f  events are always sampled a t  the same time 
in the period of a background osc il la t io n , so-called ensemble averages 
can be formed, and used to in terpret unsteady flows.
Thus, an instantaneous variable ^ is represented by the sum of  
i t s  mean {(})} and fluctuating (4/ )  components:
J = (|) + (j)'. ( 2 . 1)
With this decomposition, transport equations are formed which 
describe the structure of the mean flow and superimposed turbulence, 
as separate, though interacting vector and scalar f ie ld s .
-  1 4 “
The analysis to follow assumes that $ s a tis f ie s  the 
equation
3p$/9t + div(pi$) = div(r^ grad$) + Sj. (2.2)
The terms in this equation represent the local time rate of change 
of the quantity characterised by $ per u n it  volume;its local rate  
of change per un it  volume due to convection by the ve loc ity  f ie ld  _u; 
i t s  local rate of change due to molecular d iffus ion down the 
gradient of $ , per u n it  volume resulting from a non-zero exchange
c o e ff ic ie n t  f - ;  and i ts  volume rate of change due to internal and
(p
external sources S~, respectively; p denotes the instantaneous f lu id  
density.
In the interests of sim plicity  and because non-isothermal processes 
are not the subject of this work, r -  is considered constant. The exchange
c o e ff ic ie n t  is  here a f te r  denoted by r , ; fo r  momentum tran sfer,
(p
= y , the v iscosity .
F in a l ly ,  the f lu id  is assumed to be incompressible. With a l iqu id  
as the working f lu id ,  the assumption is certa in ly  v a lid . For experimental 
purposes gas ( i . e .  a i r )  has been used (74, 80) so as not to in h ib it  
the use o f hot wire sampling probes. In this event, compressibility  
e ffec ts  are considered neglig ib le . To include them here would lead 
to unnecessary though manageable complications.
2.2 THE EQUATIONS
All equations in the remainder of this chapter are referred  
to Cartesian co-ordinates. For compactness they are w ritten  in 
tensor form, the usual rules being adhered to. Their derivations
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are, in most cases, given in standard treatises (2 ,5 ,32 ) so they 
w il l  simply be quoted for la te r  use. But where necessary, the physical 
processes described by them w il l  be interpreted. The emphasis is 
placed on modelling the various unknown correlations produced by 
the ensemble averaging procedure and on the success or fa i lu re  of  
these models in particu la r  applications.
Thus the ensemble mean momentum equations are
3u.
■ l l r  33^ 7 '  ' ' ' i j ) *  (2 .3 )
where
T . j  = pu.Uj (2 .4 )
is the fa m il ia r  Reynolds stress tensor. Coupled to equations (2 .3 )  
is the ensemble mean equation of continuity fo r  incompressible flow:
9u.
3x7 = O' (2 .5 )
Now unlike the corresponding s ituation fo r  laminar flows, 
more equations are needed to close the problem. In the most general 
case there are six in a l l ,  one for each stress component. I f  equations 
(2 .3 ) are subtracted from the ir  instantaneous counterparts and the 
re su lt  is m ultip lied  by Uj one obtains a f te r  averaging
. . - 3u. 9u .  ^ _ _ _ _ _
3t i^ra IxjjJ ^jitl 3)^ 3)ÿ(^"i" j"m )
" T r r \  n „ - r t r  ■ ®
3 # T ( 4 ^ )  -  3 ^ ( ^ )  + -  4D^j. (2 .5 )
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Here,
1 9u  ! 3 i i ' .
S i j  = f ' s Z T  + lû-T» (2 -7 )J I
denotes the fluctuating strain rate tensor, while
1 9Ü19ÜT
(2 .8)
is known as the energy decay tensor (see e.g. r e f .  33).
The equation set is s t i l l  not closed however; 
additional unknowns have appeared in equations ( 2 .6 ) ,  and equations 
governing th e ir  transport may also be derived. But as is well known 
in turbulence theory, a closed system w i l l  never be obtained in this  
fashion; there are always more unknowns than equations. This is 
why turbulence modelling is so important. A closed system must be 
deduced, and that necessitates an independent method of modelling 
certa in  corre lations, usually through the construction of a set 
of algebraic relationships based largely on in tu it io n .
An in tu i t iv e  appraoch to the subject requires an understanding 
of the physics involved. With this end in mind i t  is found that the 
equation fo r  k, the turbulence k inetic  energy per unit mass, gives 
considerable insight into the structure of turbulence and i ts  
dependence on the mean flow.
The instantaneous k inetic  energy is defined by
K = u !u ! /2 ,  (2 .9 )
so k i t s e l f  can be expressed as
k = T . . /2 p .  (2.10)
This is convenient because the k-equation follows from equation (2 .6 )  
by simply contracting the indices:
-  17 -




G -  : i j  33^ (2-12)
8 = 2v S ! jS ! j  (2.13)
are called the production rate per un it  volume and dissipation rate  
per un it  mass of turbulence k ine tic  energy, respectively.
These in terpretations are made obvious when the integral 
of equation (2.11) over the volume bounding the f lu id  is considered.
I t  shows that the net contribution by G due to the working o f Reynolds 
stresses against mean velocity  gradients, must be positive fo r  the 
maintenance of turbulence. Now, although G i t s e l f  need not be 
positive a t a certain point a t a given time, i t  is easily  shown by 
analysing a simple shear flow, that T . j  is l ik e ly  to be negative at  
places where 9Uj/9Xj is positive and vice-versa, to give G the 
required sign. Evidently, i f  local regions of negative G occur, they 
cannot occupy the majority of the flow (34 ). Further insight is gained 
from the equation of mean flow k ine tic  energy, fo r  -G appears on i ts  
r ig h t hand side to indicate a loss of mean flow k in e tic  energy to 
turbulence.
One may view the energy transfer process broadly as a 
dissipation of mean flow mechanical energy to turbulence through G, 
to y ie ld  a net gain of turbulence k ine tic  energy that is u ltim ate ly  
dissipated into heat through e. Some mean flow energy is dissipated  
by viscous e ffects  but an order of magnitude analysis of the term
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representing the process as compared to G, reveals that i t  is 
neglig ib le  at large Reynolds numbers.
Equation (2.11) also includes on i ts  r ig h t  hand side, 
terms which describe the convective diffusion by turbulence of the 
to ta l turbulence mechanical energy, and the work by viscous shear 
stresses of the turbulent motion (k in e tic  heating).
An a lte rn a tive  and more widely used form of the k-equation 
is  obtained by employing the approximate dissipation rate
8u;. 9u\ 
e = V— >L — ±  
3X. ax. (2.14)
Townsend shows in his analysis (32 ), that this re la tion  adequately 
describes the dissipation process when the Reynolds number is high. 
So in view of equation (2.14) equation (2 .11) s im plif ies  to
^  ■ ^ ( U j ( p '+ p k ) )
J J
+ '  pp- (2.15)
Certain turbulence variables are estimable, and indeed must
be so i f  the in tu i t iv e  approach is to be employed for closure. In
p a r t ic u la r ,  e follows from a consideration of the large scale turbulence
1 / 2The large eddy time scale il/k ' may be regarded as charactis tic  of 
the time fo r  which these eddies remain coherent, where £ denotes 
the average length scale associated with eddies comprising the large 
scale turbulence structure. I f  i t  is assumed that the k ine tic  energy 
contained in the large eddy turbulence is proportional to k, and 
that a s ig n if ic an t fraction of energy over this part of the spectrum 
is  lost by in e r t ia l  transfer during the above mentioned in terva l of 
time, then the supply rate of energy to the fine  scale turbulence is
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1 / 2of order k.k 1 % ,  This energy is dissipated a t a rate which should 
be equal to the supply rate . Thus
e = Cpk272/{„ (2 .1 6 )
Otherwise known as the inviscid estimate (5 ) .  At large Reynolds 
numbers the non-dimensional function should be a universal constant.
I t  is now appropriate to define a turbulence Reynolds number:
Re^ = pk1/2%/^. (2 .1 7 )
This is more useful in the present context, fo r  i f  Re is large i t  
does not necessarily follow that Re^  is also la rge , or even non-zero.
By speaking of a high Re^, a well developed turbulence structure is 
implied.
Equation (2 .14) follows from estimate (2 .16) when Re  ^ is 
high. The estimate i t s e l f  forms the basis of current turbulence 
modelling techniques as applied to a wide varie ty  of flows which are 
dominated by boundary/shear layers, with and without rec ircu la tion .
For this reason then, a means of calculating £ or e is important.
But since there is no obvious re la tion between £ and turbulence 
correlations involving products of velocity  fluctuations and th e ir  
gradients, a ttention is focussed on e.
One of the f i r s t  derivations of the e-equation was given by 
Harlow and Nakayama (35 ), though the dependent variable was actually  
the contracted decay rate tensor = pe/2. The form of most 
relevance here, applies to high Re  ^ flows, and is as follows:
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9u. r 9u' 9u* 9ul 9uJ -1r\ rv o . * Q „ o u  o .au.-i
-  2y
9u^ l 9Uj 9u^
9Xj(PUjE) +P3Xj9Xj “
9^U] r ü T  n
Bx^BXj 9Xm9x. (2.18)
where source, re -d is tr ibu tion  and sink terms are eas ily  id e n t if ie d .
The molecular d iffusion terms in equations (2 .15) and (2 .18) should 
in fac t  be neglected, for  consistency with the high Re  ^ assumption.
Equations (2 .3 ) to (2.18) complete a statement o f the most 
general mathematical problem (excepting boundary and i n i t i a l  conditions), 
confronting numerical analysts in turbulence research who are concerned 
with solving purely hydrodynamics problems a t  leas t cost, while 
reta in ing essentia lly  a l l  of the process physics.
When distributions of a passive scalar are important to 
the analyst, the mathematical expression of the problem can be 
expanded to include:
3 ^  ■ P ^ )  
and + â |r(P U j 7 ^ )  = -  2p H T F  ^
.277?
+ r  3 * '  -  r  S*' 94'' .
(f) 9Xj (f) 9Xj 9Xj
(2.19)
( 2 .20)
Observe that terms which represent the d iffusion of (J) by turbulence, 
and the dissipation and generation of fluctuations in th is  scalar,  
have exact analogues in the previous discussion concerning momentum 
transport. Additional equations may be necessary, in conjunction with 
suitable estimates, to a ffect their proper closure.
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2.3. Turbulence Modelling
The urgency attached to a better understanding of turbulence 
transport and i ts  prediction, for the purposes of environmental 
forecasting and engineering design, has prompted much research into  
ways of closing the equation set, by independently modelling the 
unknown correlations. This line of thought began more than a quarter 
of a century ago with the classical papers of Chou (36) and Rotta (37).  
Only with the appearance o f large fa s t  d ig ita l  computers however, 
has i t  been possible to tes t the various levels of modelling, and indeed, 
to contemplate seriously, the task o f predicting turbulent flows.
The a c t iv i ty  of actual prediction has been in progress for  
only a decade or so. During this period, most e f fo r ts  have concentrated 
on two levels of closure. The most complicated are based simultaneously 
on the stress, energy, and dissipation equations. At the lower le v e l ,  
only the k and e equations are used to simulate turbulence e ffec ts .
They have been c lass if ied  as multi-equation (or stress equation) and 
two equation models respectively (23).
Such models suffer from one fundamental deficiency however, 
in that they assume a universality  of turbulence structure. But as 
is  well known, the scale and directional preferences of large eddies, 
as well as the energy contained in them, are d ire c t consequences 
of the turbulence generating agency, or boundary conditions. D if fe ren t  
flows w i l l  e xh ib it  d i f fe re n t  turbulence structures. So the use 
of models which smooth these structures to a universal form must 
cast doubt on the accuracy of resultant predictions.
Efforts  are currently being made to resolve this problem 
through what are known as Large Eddy Simulations (LES) (38 ). LES 
methods predict the large eddies by solving equations whose variables  
are averaged in space over a scale equal to that of the computational
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grid . They have much in common with the equations discussed in 
section 2 .2 , but d i f fe r  markedly in that the turbulence correlations  
formed by averaging re fer to the 'subgrid' scale turbulence, whose 
structure is assumed to be universal.
Large eddy simulations o ffe r  much promise fo r  future  
studies. They require small integration time steps, so the computer 
processing (cp) time for even the simplest flow configurations may 
be excessive, because of the need to generate a s u ff ic ie n t  number 
of rea liza tions  fo r  the determination of meaningful s ta t is t ic s .  Further­
more, such calculations must, without exception, be three-dimensional.
So the storage capacity of the computer would need to be very large, 
in order that the un iversality  requirement of subgrid scale turbulence 
be accommodated. These restrictions are most severe fo r  flows of 
engineering in te re s t. LES methods are impracticable because of the 
shear size of the computing problem. M u lt i -  and two-equation techniques 
are certa in ly  more convenient (and appropriate, because the 
computational task can be accommodated.
2.4 Stress Equation Closures
I t  is appropriate to deal f i r s t  with th is  level of turbulence 
modelling because i t  provides more insight into the mechanism of 
turbulence, and the pros and cons of lower order closures become 
clearer.
Rotta (3 7 ), being one of the e a r l ie r  contributors to 
the problem in this f ie ld  derived relationships between the
unknown correlations (notably 2 p 'S j j )  and other variab les , that are 
s t i l l  relevant to present day developments.
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He dealt f i r s t  with p'9u^/9x^ which contributes to the 
rate o f change of x.j-d irection k inetic  energy per un it  volume. By 
analysing the in teraction between two c o ll id in g  eddies in the x.j-
di re c t i  on, he showed that i f  p'9uj/9x^ < 0 x^j-direction energy is 
transferred to motion in the Xg and x^ d irections. Conversely, i f
p'9uj/9x^ >0 motion in the x^-direction receives energy from motion
in the other d irections. Thus the vector p'suÿax^ (no summation) 
describes an energy transfer from components of high k ine tic  energy 
to those of lower k in e tic  energy, and so imposes upon the turbulence, 
a tendency toward isotropy. On introducing the assumption that the 
energy transfer rate from the i direction to the j  d irection is  
proportional to the difference between the component energies,
Rotta proposes
p''3u|/3x^ = -  m ^(pe/2k)(u^  -  2k/3). (2 .21)
Estimate (2 .16) has been used to eliminate the length scale appearing 
in the orig inal statement (37).
Since there is a tendency for energy to be equally distributed
to a l l  directions due to terms of the form p'3uj/9x^., there is  
expected to be a corresponding tendency fo r  T \ j ,  1  ^ j  to decrease 
when positive and increase when negative. That is ,  i f  these T^j > 0, 
9 T i j /9 t  w i l l  tend to become negative due to 2 p 'S / j ,  i j .  Thus
2p 'S jj i  ^ j  should be negative whenever T^j i j  is  positive .
I t  may be said then, that correlations between pressure fluctuations  
and ve loc ity  gradient fluctuations tend to eliminate the anisotropy 
of the turbulence.
Now using equation (2.21) and by considering the way in 
which energy is exchanged between motions of d i f fe re n t  directions
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over a continuous angle range re la tive  to fixed co-ordinates, Rotta 
reasons that
Zp'S^j = -  m^(e/k)T.j., i f  j .
This may be generalised to include equation (2 .21 ):
2 p ^  = - m i(c /k ) (T . j  -  2 5 . jp k /3 ) .  (2 .22)
The fa c to r  m^ depends on the turbulence structure and may be 
evaluated from experimental data. Rotta takes m.j to be a constant, 
while Daly and Harlow (33) express i t  as a function o f the turbulence 
length scale, Reynolds stresses, and k. They were able to achieve 
a degree of un iversa lity  in equation (2 .22) with the modified m.j. The 
more recent studies of Hanjalic and Launder (39) and Launder e t  al (40) 
assign constant values of 2 .8 and 1.5 respectively , to m^.
The model embodied in equation (2 .22) has gained wide acceptance 
(33, 39, 40, 41, 37, 42 ), and there is apparently no a lte rn a t iv e . I t  
is feasib le  only in part however, for  as shown by Chou (36) and 
subsequently by Rotta (37 ), the pressure-rate of s tra in  correlation  
tensor is made up of two d is t in c t  kinds of in terac tio n . One of those 
involves ju s t  fluctuating quantities and the other arises from the 
presence of a mean rate of s tra in . These observations follow from 
the in tegra l of the Poisson equation for p ' ,  from which one easily  
deduces
T 7
3 ^  W  dV(x)
121-Zl
+ A ij (x J .  (2.23)
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where A^ .j is a surface integral that is neg lig ib le  i f  is  
not too close to a wall (36). Thus, the c o rre la t io n ,a t  position
X  is affected by both turbulent and mean flow dynamics a t a l l  points
(y) in the flow domain contained in volume V.
Most workers consider equation (2.22) to be an adequate 
representation of the f i r s t  term in equation (2 .2 3 ) .  The second 
term deserves special mention, and i t  is here that serious differences  
e x is t  between turbulence models.
Rotta, guided by Chou, expanded 9u^(yj/9y^ in a Taylors series 
about X and expressed the resulting integral c o e ff ic ie n ts , which 
are .tensors of rank four and higher, in terms of the two point 
correlation tensor u^(y)u^(x), assumed to depend only on | ) ( -y | . Thus 
an approximation of not too great a departure from homogeneity is 
required, and i t  admits certain relations among the co e ff ic ien ts .
Hanjalic and Launder (39) examined this approach in d e ta i l ,  
where terms involving other than f i r s t  derivatives of u^ are considered 
neg lig ib le . Using the above mentioned re lationships, an e x p l ic i t  
form fo r  the coeffic ients was determined as a lin ear combination of
the T j j .  But double products of the T^j were added to preserve
the required difference between the normal stresses in a nearly 
homogeneous shear flow. Launder e t al (40) argue that the double 
products should be omitted and m.j adjusted un ti l  predicted and 
observed data coincide. The resultant expression for the mean flow 
contribution to (2 .2 3 ) ,  here denoted by g^j, is given by Launder 
e t  al (40) as a f a i r ly  complicated function of the mean rate of 
stra in  S^j, 3U j/9X j, 1 . ^  and k. Consequently, one has in place 
of (2 .22)
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2p j  = -  m.| (e/!<)(T^.j-2p6.j jk /3 )  + (2 .24)
In the g.jj model of Launder e t a l ,  g.jj contains ju s t  one
numerical parameter mg to be determined. I t  is  important to note that
th is  model of j  assumes that the flow is of the simple shear type 
and nearly homogeneous. A generalization to more relevent flows 
would lead to very complicated models indeed.
Notwithstanding i ts  lim ita tions , the g^j model of Launder e t  al 
is a f i r s t  order generalization of the much simpler proposition
$ i j  -  ZmgpkG j^ . (2 .25)
Mel lo r  and Herring (41) argue that this form is consistent with 
equation (2 .2 2 ) ,  which may be derived by assuming that i t s  integral 
representation is expressible as where M^j^^ is isotrop ic .
Thus, i f  one assumes that the coeffic ien t of 9u^/8Xj^ in the expanded 
d e fin it io n  of g^j, is an isotropic tensor, equation (2 .25) resu lts .
This formula for g .^j was employed in the model of Daly and Harlow (3 3 ).  
Rodi (43) maintains that equation (2.25) is determined by modelling 
the local values of correlations 'whereas Rotta models by integrating  
over the whole flow f i e l d ' .  He asserts that the la t t e r  approach is  
correct but does not comment on the form the coeff ic ien ts  of 9u^/9Xj^ 
should take. In fa c t  he drops g^ .j from the equations a ltogether, 
following Daly and Harlow (33) who state that there is evidence that 
mg = 0, a not uncommon practise (41). I t  is widely believed however, 
that g^j cannot be neglected even in the simplest of flows, and 
that in some instances ( g . . + g . . )  outweighs 2p 'S ! . -  (g . .  + g . . ) ( 4 0 ) .
I vJ J * • Ü I J  \J I
For the decay rate tensor,note f i r s t  that although in most 
shear flows G and pe do not balance, they are always nearly o f the
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same order of magnitude (5 ) .  Suppose therefore  
9u.
- T_.
.  3 ï ïy r
i j  3x7 '  •





I -  T . j  I ~pk
9Uj 1 / 2
9 U .
( 3^ )
3 ÏÏT ? 3 U j \ 2
( 35(7 ) ~
when Re  ^ is large.
Now, velocity  gradients are deformation rates with dimensions 
(time) \  and th e ir  inverses are convective time scales. So im p l ic i t  
in the above analysis is that the eddies contributing most to e have 
very small convective time scales compared to the time scale of  
the flow a t  high Re^. That is ,  the small scale structure of 
the turbulence tends to be independent o f the main flow a t  s u ff ic ie n t ly  
high Re^, and local isotropy may be assumed. Since the small 
scale structure contributes most to the dissipation of energy, i t  
is mainly responsible fo r  the Dkj. In view of the foregoing 
comments, and because D^ .,| = -^  pe, a high Reynolds number model of 
D^ .j is  simply
Dij = p6— e /6 . (2 .26)
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This model is in common use (39, 40, 41 ), though Rotta and la te r  
Daly and Harlow 'generalise' i t :
D^j = T . j  e/4k (2 .27)
to account fo r  an absence of local isotropy.
The remaining terms to be modelled are those which determine 
Reynolds stress diffusion through turbulent convection and pressure 
fluctuations. Reference to equation (2 .6 ) shows that
'' ^  X  nTV; , , lDIFFy.. = - Tjm ---7^  + P '(V i  + (2.28)
is  the co llec tive  representation of Reynolds stress d iffus ion .
Hanjalic and Launder modelled the f i r s t  term through a 
study of the transport equation for the t r ip le  ve loc ity  corre la tion .
By neglecting the transport terms and approximating the remaining 
terms in that equation, an algebraic equation fo r ujTj^ resu lts , with  
solution
^  = -  m 3 ( k / p e ) ( T . - ! ^  + T.„  ^  ^ ) .  (2 .29)
where m^  is a dimensionless constant.
One could compare th is  with Daly and Harlows' less general 
formulation
3T . ..
ufT.^ = -  „,-(k/p.)T^n 33(7 •
Both may be viewed as simple gradient d iffusion models where the 
diffusion c o e ff ic ie n t is  a function of the main dependent variab les.
This approach is also suggested by Mel lor and Herring, and in p a rt icu la r  
i t  circumvents the need to solve equations governing t r ip le  correlations  
as o r ig in a l ly  suggested by Chou.
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Most workers choose to neglect the pressure induced diffusion  
of though there is no apparent reason fo r  doing so. Daly and 
Harlow however, model the correlation p'uj as a 'simple d i f fu s io n ',  
in which the c o e ff ic ie n t is a function of k and e:
pX  = - • (2.31)
On the other hand, Mellor and Herring propose
pTIT  = -  ra^(pk2/e) | i - . (2 .32 )
The simulated transport equations fo r  T .^j as developed 
by Hanjalic and Launder makes use of equations (2 .2 4 ) ,  (2 .26) and
(2 .2 9 ) .  They are
+ 4  ( V i j )  = r  Tmn
2
9u. 9u • 9 T. •
■ (Tjm a3(; + 1^m ■ ^ ' 1  +
-  ">i(f)(T^j - I 6^jpk) + (Bij + Bji)
-  I  «ij.e . (2 .33)
Clearly, Other 'equivalent' closures are available depending on what 
models are chosen for the unknown correlations.
Equation (2.33) is presumed va lid  in regions where Re  ^ is 
large, so wall boundary conditions are applied near, rather than at  
the w a ll .  The more detailed study undertaken by Launder e t  al revealed 
that the proximity of walls necessitates a correction to the 
pressure rate of s tra in  correlation model. Their equations are
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identical to (2 .3 3 ) ,except that for wall bounded flows is
augmented by the wall influence g^\.
Numerical solutions of equation (2 .33) have been compared 
with data from a f a i r ly  wide range of turbulent flows. They are 
mainly of the boundary layer type without rec ircu la t io n . In many 
cases the predictions are adequate for engineering purposes (39 ,40 ) ,  
but serious deficiencies arise in the computation of an axisymmetric 
round turbulent j e t  with and without swirl (42 ). The model f a i ls  
to predict swirl e ffects  correctly due to inadequacies in the p'S^j 
model. In the absence of swirl the predicted rate o f spread is much 
too large, an e f fe c t  which Launder and Morse (42) conclude, is due 
to the source term model in the dissipation equation to be discussed 
below.
To complete the Reynolds stress closure, the unknown 
functionals in equation (2.18) must be modelled. The f i r s t  term 
on the r ig h t  hand side expresses the generation rate of e  due to 
mean shear. To model the second contribution to i t ,  one might 
invoke equation (2 .2 6 ) ,  but m ultip lication by 3u^/9Xj y ields zero.
Thus a strong argument in favour of adapting equation (2.27) to 
model DLj is that i t  gives to the dissipation f i e ld ,  a non-zero 
and most l ik e ly  positive source. Recall that equation (2 .26) is  
an approximation, regarded as reasonable a t high Re  ^ as fa r  as the 
T^j are concerned. But the anisotropic large scale structure of  
the turbulence must exert a positive overall influence on the 
mean flow source of e.
Following the example of Harlow and Nakayama (3 5 ),  an analysis 
begins with the tensor v > which is assumed to be a l in ea rdXm dX,,^
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function of the T^j. The details  and f in a l model are recorded 
in Appendix I .
The remaining terms in equation (2 .18) have been dealt with 
by Hanjalic and Launder (39 ), and th e ir  simulated transport equation 
fo r  e is
+ (2 .34)
fo r  high turbulence Reynolds numbers.
The source terms in equation (2.34) are s im ilar  to those in 
the k-equation. For the la t te r  they sum to
G -  pe = G - (f)pl<. (2 .35)
One might expect the source terms in equations fo r  scalar 
f luctuation  measures ( i . e .  (}>' ) ,  to adopt an appearance s im ilar  to 
equation (2 .3 5 ) .  From equations (2 .2 0 ) ,  (2.35) i t  is suggested that
(#) (2 .36)
J J J
Scalar equations were f i r s t  modelled by Spalding (4 4 ) ,  who derives 
exactly this source term for the fluctuations.
Thus, the problem of closure has narrowed down to one of
quantifying the turbulent fluxes; e.g. T.j, u j # ', etc . One way 
of achieving this has already been explained. I t  is composed of  
many equations of complicated form and involves a considerable amount 
of phenomenological modelling that may in certain instances, be 
inadequate. So in the absence of further theoretical development.
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predictions obtained in this way may prove to be no better  than i f  
a simpler model were used to calculate the flow. So in the next 
section, a model involving ju s t  two equations fo r  the simulation 
of turbulence, is discussed.
2.5 The k -e  Model of Turbulence
I t  is apparent from the above remark, that this model 
involves d i f fe re n t ia l  equations which govern U j , p, k and e.
Therefore, the T^j must be modelled a lgebra ica lly  in terms of these 
variab les. Indeed, the Bousinesq concept of turbulent diffusion  
by way o f transport coeffic ients is applied. The mean flow  
behaviour is  then assumed to obey a Newtonian type s tress-s tra in  
re la tionsh ip:
T i j  = §  S . j ,  (2 .37)
where is termed the eddy viscosity.
Recourse to dimensional analysis or a l te rn a t iv e ly ,  reference 
to the k in e t ic  theory of gases reveals
a , (2 .38)
1 / 2since k is the 'turbulence v e lo c ity ' .  Use o f equation (2 .15)  
leads to
= Cppk^/e. (2 .39)
In view of th is  development, i t  is desirable to express the d iffusion  
terms in a l l  equations as functions of the respective diffusion  
c o e ff ic ie n ts .
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Now, dissipation rate diffusion is anisotropic according 
to equation (2 .3 4 ) .  But i f  the 'o ff-d iagonal' terms are dropped, 
without q u a lif ic a t io n , e-diffusion has the representation
for  no-summation on the stress indices. F in a l ly ,  i f  T . .  is replaced 
by Cppk/(C^a^) there results
° iF F , (2 .40)
where , assumed constant, is id en tif ied  as an e ffe c t iv e  dissipation  
Prandtl number. Equation (2.40) is not meant to imply that the 
turbulence is  isotrop ic , fo r  i t  cannot be in view of equation (2.37)
when S,jj 0. The manipulation has the e ffe c t  of forcing the e-equation
into a well known form, and one that is read ily  solved. Thus, is 
so adjusted that the e f fe c t  of excluding the non-istropic terms, is 
minimized.
In a s im ilar manner, the contraction of equations
(2 .29) or (2 .30) and (2.31) or (2 .3 2 ) ,  is modelled as
= (2 .41)
J  K J
F in a lly ,  momentum diffusion is given by
" 2 -  §  3 ^ (p k )  -  I f r
s 3u.
. = 37:) + source. (2 .42)
The la s t  term, 'source', consists of viscosity grad ient-ve locity  
gradient products and the pressure gradient. The 'turbulence'
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pressure, 2pk/3 is absorbed by p for convenience, though such a 
practice is not feasible  for compressible flows.
With the above diffusion models i t  follows that the k-e 
model is given compactly by the equation
^(p<t>) + s ^ (p U j* )  = I f j )  + S^. (2 .43)
denotes the e ffec tive  ^-exchange co e ff ic ie n t  
which includes the molecular influence. The la t t e r  is neglig ib le  
in a l l  regions remote from walls, and i ts  presence here is aimed 
at giving the model v a l id i ty  over the whole flow domain. Table 
2.1 d e ta ils  the source functions S ^ ,  and coeffic ients  r ,  that are(p (p
appropriate to those variables <p, that are relevant to the
hydrodynamics of turbulent flows.
2.6 The P la u s ib i l i ty  of Two Equation Turbulence Models
Several features of the above model are physically  
unappealing. For instance, the shear stress has been observed to 
vanish in parabolic flow when au^/BXg /  0 (2 3 ) ,  which is  contrary 
to equation (2 .3 7 ) .  There is evidence of this in experimental data 
derived from asymmetric channel flows (39). In this case, the cross­
stream distance bewteen the point of zero T^ jg and zero 9u^/9Xg is 
small. For rec ircu la ting  flows where a l l  directions of motion
e x h ib it  ve locity  gradients, this deficiency is l ik e ly  to be more
2pronounced. There is also the situation where pUj = 2pk/3 -  2y^3u^/9x^ 
according to equation (2 .3 7 ) . But while the l e f t  hand side is always
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positive the r ig h t hand side may be negative in various regions 
of the flow. Moreover, negative values of the quantity
= - Tig/fDu^/sxg) fo r  a simple parabolic flow cannot be predicted 
unless equations fo r  the Reynolds stresses themselves are solved.
This is a consequence o f equation (2.37) predicting G > 0 everywhere.
In view of th is ,  the impossibility of predicting negative viscosity  
effects  using two equation models may not be very serious.
Shortcomings such as these stem d ire c t ly  from the form 
chosen to represent the Reynolds stress tensor. There is no real 
ju s t i f ic a t io n  fo r  this choice except that i t  is consistent with 
the f lu id  stress tensor (where departures from equilibrium are 
sm all); i t  s a t is f ies  the overall requirement o f a positive turbulence 
generation ra te , and allows the modelling and prediction of very 
complex flows to be accomplished with re la t iv e  ease and economy. 
F in a lly ,  two-equation models are independent of the pressure-rate  
of s tra in  correlation tensor, to very great advantage in view of 
the uncertainty attached to i ts  modelling, and the complications 
i t  would otherwise introduce into the equations.
Another shortcoming of the k-e model concerns i t s  use of an 
isotrop ic  eddy-viscosity or isotropic d iffusion in general. I f  a 
tensor a^j is defined:
^ i j  ~ T ^ j / k  -  2p6^ j /3  = -  2 y^ S ^ j /k ,  ( 2 . 4 4 )
observe that a^ j^  = ag2 = = 0 and a^ jg = -  (y^^u^/BXgy/k fo r a
simple shear flow. That is ,  an equality in the normal turbulent 
stresses is predicted. Pope (45) discusses this with regard to 
data from a nearly homogeneous shear flow, in which the normal 
stresses are fa r  from equal.
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I t  has been argued (46) that while equation (2 .37) has proved
adequate fo r  two-dimensional flows without s w ir l ,  more complicated
flows can. be predicted in deta il only by choosing a d i f fe re n t  level
of viscosity for each active stress component. L i l le y  and Chigier (47)
use a viscosity Prandtl number y. /y .  fo r  th e ir  prediction of .
rz re
turbulent swirling je ts .  Boundary layer approximations however, 
l im i t  the number of unknown stress components to two. But c le a r ly ,  
such modifications w i l l  not resolve the above problem. A non-isotropic  
eddy viscosity hypothesis must therefore be defined as one which 
re lates the j  to some function of k, e and the S^j, which should 
be d if fe re n t  from equation (2 .3 7 ), i f  the difference in normal stresses 
of a simple shear flow (e .g . boundary layer on a f l a t  p la te ) ,  is  
to be preserved.
Launder and Spalding (46) indicate that such a function might 
be obtained by replacing the convection and diffusion terms in equation 
(2 .6 )  by algebraic analogues, which themselves are functions of k, e 
and j  (they give examples). Whence
T i j  = fCmn' k. e. (2 .45)
But these approximations can only be applied to equations l ik e  
(2 .3 3 ) .  Consequently, any advance on equation (2 .37) as a means 
of avoiding the integration of Reynolds stress equations, s t i l l  
involves the Reynolds stress closure approximations. Moreover, 
the extra no n-lin earit ies  introduced by f  could seriously complicate 
the task o f numerical solution.
An example of f  for two-dimensional flows without swirl 
was developed by Pope (45). I t  includes the pressure-strain  
model of Launder e t  al and he maintains that fo r  a three-dimensional
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flow, the function is so intractable as to be of no value. This 
comment is equally applicable to swirling e l l i p t i c  flows which are 
axisymmetric.
2.7 Previous Work
I t  has already been implied that the successful application  
of a turbulence model to a particu lar flow, does not in i t s e l f ,  
give s u ff ic ie n t  ju s t i f ic a t io n  for its  general use. This is because 
there is more than one variety  of f lu id  flow. Indeed, the flow 
situation  may be parabolic, p a r t ia l ly  parabolic, e l l i p t i c ,  hyperbolic, 
or a combination of these. This c lass if ica tion  determines the type 
of flow (e .g . re c irc u la t in g ) , the form assumed by the equations, 
and the method to be used for the ir  solution.
A detailed discussion of the flow regimes is not warranted 
here, fo r  a comprehensive survey was presented by Spalding (63).
I t  is s u ff ic ie n t  to simply refer to those which have received 
the most widespread a tten tion , in ascending order of complexity.
For two-dimensional parabolic flows i t  is often possible 
to define a mixing length £, and use i t  fo r  the modelling of 
la te ra l  turbulence diffusion (64). In that event, the k and e equations 
become redundant, y ie ld ing a zero-equation model of turbulence.
But following an algebraic specification of £, the k-equation may 
be solved and equation (2.38) used to calculate this is known 
as a one-equation turbulence model. N atura lly , the predictive  
capab ility  of the three models have been compared by reference to
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experimental data. Launder and Spalding (46) for  instance, show 
the k-e model to be very effective  in predicting the dynamics of 
a p lan e-je t in amoving stream. The other models appear to be useful 
only in the potential core region. More recently , Tennekore and 
Steward (48) compared these models fo r  the prediction of confined 
je ts .  Under some conditions studied, and in certain parts of the 
flow domain, the more prim itive models proved to be superior. A 
complete review of this subject is given by Launder and Spalding 
(2 3 ), who trace the evolution of turbulence modelling from zero to 
multi-equation models, as applied to parabolic flows.
Reasonable agreement between k-e model predictions and 
experimental data has been achieved by Gosman e t  al (50 ). Their 
system is bounded by a rotating disc with a stationary shroud, 
where f lu id  is forced a x ia l ly  into the space. Consequently, the 
flow is e l l i p t i c .  Geometrical considerations reveal that the flow 
is also axisymmetric, and therefore two-dimensional. Gosman e t  al 
(49) computed the swirling flow in a pipe, the flow in a ' j e t  p ip e ',  
the flow over a backward facing step, a sudden expansion flow, the 
flow over roughness r ib  elements, plane w a l l - je t  flows, and the 
flow in the wake of a disc, by using the k-e model. They conclude 
that the predictions are s u ff ic ien tly  precise fo r  many engineering 
applications, a f te r  comparison with experiment. Durst and Rastogi 
(51) calculated the flow past a two-dimensional obstruction in 
a two-dimensional channel. For the upstream, separation, and 
rec ircu la tion  regions the complete equations are solved. The mean 
flow f ie ld  is w e ll ,  though not accurately predicted. Downstream, 
the re-development flow is predicted from the boundary-layer 
( i . e .  parabolic) form of the model. Q ualita tive  agreement of
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predictions with mean flow experimental data, was again achieved.
These k-e model predictions were compared with those which resulted  
from a three-equation turbulence model (39 ). I t  is shown that 
there is no s ig n if ican t improvement. The computed turbulence 
variable k is much less in agreement with data, except fo r upstream. 
They (51) consider that accurate prediction of turbulence variables  
is possible provided the mean velocity f ie ld  is accurately predicted. 
Khalil (52) compared his k-e model predictions o f the mean flow 
in an axisymmetric furnace with experimental data. He found a less 
then ten per cent discrepancy. Thus the quantita tive  prediction of  
mean flow f ie ld s  is possible i f  discrepancies of that magnitude 
are admissible. A recent study by Markatos and Moult(53) also reveals 
that the flow in axisymmetric combustors is predictable, as is the 
flow resulting from the f ilm  cooling process. But they emphasize 
an urgent need for detailed experimental measurements o f the 
hydrodynamic properties of these flows, to allow an assessment of 
the quantita tive  accuracy of the k-e model.
With the exception of large-eddy simulations, few time 
dependent turbulent flow calculations have appeared in the l i te ra tu re .  
One obvious reason for this is that many flows in engineering are 
steady. On the other hand, some are always unsteady. The agitated  
vessel whose impeller blade passing frequency is  fj  ^ = Nn^, is ty p ic a l.  
Reciprocating internal combustion engines excite an unsteady turbulent 
flow between the piston surface and cylinder head. I t  is argued 
that this turbulence controls the a ll  important fuel consumption 
ra te . For that reason, prediction procedures fo r  ' in -c y lin d e r '  
flows are currently under development. Typ ica lly , Gosman and
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Johns (59) present hydrodynamic and heat transfer predictions for  
idealized piston-cylinder assemblies, that have d if fe re n t  combustion 
bowl p ro f i le  shapes. The procedure assumes axia l symmetry, and in 
th is  case, aims a t  simulating the process in a Diesel engine. In a 
la te r  paper, Gosman e t  al (60) record computed results fo r  a wider 
range of engines, including the case where a symmetrically located 
in le t-exhaust valve is f i t t e d  to the cylinder head. In a l l  cases, 
q u a l i ta t iv e ly  correct predictions are obtained with the k-e model.
The equations are e l l i p t i c  in space, but because time enters as an 
independent variab le , the problem is actually  parabolic (63 ). D irect  
comparisons with events occurring in a real engine are d i f f i c u l t  
to make because of a general lack of experimental data, and the 
re s tr ic t io n  o f axial symmetry. The above studies re fer to non­
combusting ( i . e .  motored) engines, fo r which experimental data is now 
being made available (61). These systems are exact working models 
of the engines used in prediction procedures. I t  is worth noting 
in passing th a t in -cylinder and agitated vessel flows have a t least  
two important features in common. They both reduce to moving boundary 
problems, and are governed by the same equations. The ag ita tion  
system is simpler in one sense; the flow is incompressible. I t  is  
seriously complicated however, by the fa c t  that the d irection of 
boundary motion is perpendicular to the ( r , z )  plane. Thus axial 
symmetry, even when ba ff le  effects are smoothed, cannot be assumed 
in this case, and the equations are e l l i p t i c  in three space dimensions, 
as well as being time dependent. Moreover, boundary conditions fo r  
the agitated vessel flow would be much more d i f f i c u l t  to apply, or  
even formulate, than fo r  the in-cylinder problem, because the impeller  
dimension is  smaller than that of the vessel.
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The next level of complexity concerns the prediction of 
three dimensional parabolic flows. They are parabolic in the 
downstream d irection , and e l l ip t ic  in the cross-stream plane. The 
equation fo r pressure however must in general be e l l i p t i c  in a l l  
three space directions, since p satis fies  a Poisson equation. The 
prediction of such flows has been popular and indeed necessary since 
the publication of Patankar and Spalding (65 ). They develop a 
method of solution. In particu la r , the pressure gradient driving  
the axial ve locity  is decoupled from those a ffecting  the cross-stream 
flow. In this way, an e x p lic i t  treatment of the e l l i p t i c i t y  o f the 
pressure f ie ld  is avoided. But such a treatment requires that the 
axial pressure gradient be uniform over a cross section. The flow 
in a square sectioned duct is a typical example of a three-dimensional 
parabolic flow. A fundamental deficiency in the k-e model is  
revealed from tests made on that system. When calculations proceed 
fa r  enough downstream and the axial ve locity  becomes independent 
of the downstream co-ordinate (the fully-developed region), the 
k-e model predicts a zero cross-stream flow, in contrast to 
experimental observation (31, 46). This is r e c t i f ie d  by modelling 
the Reynolds stresses through a non-isotropic v iscosity  hypothesis (31) 
A general practice however, has been to re ta in  the k-e model with 
an isotrop ic  viscosity in view of i ts  s im p lic ity . Rastogi and 
Rodi (56) predicted the boundary layer on a f l a t  plate which approaches 
a c irc u la r  cylinder mounted on i t ,  the boundary layer which forms 
on a delta wing due to the formation of a leading edge vortex, and 
the flow in a curved duct with a rectangular cross-section. The 
predictions d i f fe r  from experimental data a t certain  places, but are 
in general agreement. Rastogi and Rodi remark that the k-e model
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which uses an is trop ic  eddy viscosity , is adequate for engineering 
purposes. Mujumdar e t  al (55) predicted the flow in a rotating  
duct. They achieved accurate predictions from the model a t low 
rotation ra tes , but when the la t te r  is high, s ig n if ic a n t departures 
from r e a l i ty  are apparent. Mujumdar e t al a t t r ib u te  this to the 
presence o f e l l i p t i c  e ffec ts . That is ,  the flow on an upstream 
plane is influenced by downstream pressure variations to such an 
extent, that varying axial pressure gradients are created over the 
whole cross-section. Consequently, the flow is p a r t ia l ly  parabolic (63) 
A method of solution fo r  handling such flows was f i r s t  applied by Pratap 
and Spalding (54). The flow in curved rectangular duct was calculated  
using the k-e model. Again, results show that quantita tive  predictions  
are possible with this model.
Very few three-dimensional fu l ly  e l l i p t i c  flow calculations  
have been undertaken. They require considerable computer storage 
and execution times and are therefore, expensive. Only two examples 
of three-dimensional e l l i p t i c  flow predictions are cited here. Pai e t  
al (57) predicted the flow and heat transfer in a furnace, with the 
k-e isotrop ic  viscosity turbulence model. Their results are in 
q u a lita t iv e  agreement with data. Pollard and Spalding (58) s im ila r ly  
predicted the flow at the intersection of two pipes. The resu lts ,  
considered physically plausible, are tentative  un ti l data is  
made availab le  for comparison.
Many of the cited papers have aimed a t predicting temperature 
and chemical species concentration f ie ld s .  Their equations are 
coupled to the hydrodynamic equations through the in e r t ia  terms. But 
in the absence of buoyancy, there is no reverse coupling. Consequently, 
well predicted hydrodynamic f ie ld s  are a necessary prerequisite to
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predicting distributions of general scalars. In the present context.
a model for puj4>‘ as a function of the hydrodynamics and is a l l  
that is needed for closure. Launder (66 ) shows that i t  is consistent
with the eddy viscosity  concept to model püTÿ*" in the same way as 
diffusion was modelled by equation (2 .4 0 ) .  This avoids a phenomenological
treatment of the equation for puT^, which may be necessary fo r  
consistency with higher level closures. Without going into de ta ils  one 
can conclude from.the cited works, that the adequate prediction of 
temperature f ie ld s  is possible by way of the k-e model. The same comment 
applies to the prediction of passive scalars, such as the concentrations of 
species in non-reacting mixing systems. But problems do arise when 
f lu ids  undergo chemical reaction in the presence of turbulence. L i t t l e  
is  known about how local turbulence f ie ld s  a f fe c t  reaction ra tes ,  
though models are available for specialised systems (52, 62).
2 .8  Model Parameters
Turbulent flow predictions of the hydrodynamics depend on 
the f iv e  parameters C^, Og, Cg^.Cg^, when use is made of the k-e 
model. Now, a rational prediction procedure should be universal in that  
the same set of values for the controlling parameters apply to a l l  
situations. Table 2.2 l is ts  a set of typical parameter values (57 ).
They are typical however, only in the sense that they are not 
vastly  d i f fe re n t  from those used in other studies. This implies tha t  
the model is to some degree, universal. In view of the fa c t  that
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the k-e model is re a l ly  va lid  only when Re  ^ is large, a certain  
system independence is expected in i ts  parameters.
Mujumdar e t  al (55) use = 1.44, = 1, and = 1 .3 ,
following Launder and Spalding (46). The la t t e r  state tha t Cq and 
must be prescribed linear functions of a function of the longi­
tudinal gradient of axial velocity  on the symmetry axis fo r  axisymmetric 
j e t s ,  and j e t  parameters, i f  agreement with experimental data is  
desired. The figures given in Table 2.2 coincide with those adopted 
by Markatos and Moult (53) with the exception of which they
calculate as a function of Von-Karmans constant k, Cg^, Cg^  and Cq. 
Rastogi and Rodi (56) used that formula fo r  a^., but they employ 
Cg^  = 1.44, and = 1. The constants employed by Pratap and
Spalding (54) d i f fe r  from those shown in the table only in C , which
c-l
they take to be 1.47. Jones and Launder (67) set to 1.55 and
I
Cg2 to 2 .0 ,  the other parameters being as given by Launder and 
Spalding (46 ). Near w alls , the model parameters are expected to 
depend on Re^. Jones and Launder propose such functions. Almost 
without exception, Cq is considered universal. But Tennekore and 
Steward (48) varied Cp between .05 and .25; the la t t e r  value appears 
to y ie ld  better predictions for th e ir  system.
C learly , the governing parameters are not universal, 
nor are they l ik e ly  to be constants. In fa c t ,  most values that  
have been employed were calculated from free turbulent flow data (46 ).
So a ju s t i f ic a t io n  fo r  accepting them as given in Table 2.2 can only 
be based on whether or not the resulting predictions compare favourably 
with experimental data.
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2.9 Boundary Conditions
Boundary conditions are required on surfaces such as w alls ,  
planes of symmetry, free surfaces, and in le t  or o u tle t  planes. Wall 
boundary conditions however, present the most d i f f i c u l t y ,  though 
in the absence of s u ff ic ie n t experimental data, conditions set on 
in le t  planes may lead to indefin ite  predictions.
To be spec if ic , the no-slip condition constrains the 
mean velocity  f ie ld  a t non-porous walls . I f  the wall is adiabatic  
the temperature gradient there is zero, but often there is a heat 
f lu x  through walls due to a fixed temperature d is tr ib u tio n  over 
i t s  surface. Several variables such as species concentration 
and turbulence k inetic  energy are determined a t  a wall by setting  
th e ir  fluxes to some pre-determined function of the other variab les.
Under the most commonly occurring conditions th is  function is 
simply zero. But to implement these conditions, special practises  
have been developed for f ie ld  calculations a t the nearest to wall 
grid  node.
Near at w a ll ,  Re  ^ is small enough fo r  molecular d iffusion  
to compete with diffusion by turbulence. Viscosity tends to damp 
turbulent fluctuations. For consistency with the models discussed in this  
chapter, the nearest to wall grid node must be situated in a zone of 
large Re^ . Conditions there are influenced in d ire c t ly  by molecular 
v iscos ity , which determines the rate of ve locity  decay toward the w a ll .  
Wall function techniques as advocated by Launder and Spalding (46) are 
used to bridge the gap. All studies referred to in section 2.7  
assume that near a wall Couette flow prevails . This allows the
-  46 -
law of the wall to be reproduced by the calculations, and that  
is achieved through a special treatment o f the source terms. Such 
procedures are the only means by which walls can be included in 
turbulent flow computations, i f  no low Reynolds number model of 
turbulence is ava ilab le , that is economic in terms of computer 
storage and running times. Such a model was developed by Jones and 
Launder (6 7 ) ,  but the physical origins o f certain terms in i t  have 
not been established, and a very fine  grid in near wall zones is  
necessary.
Planes of symmetry are easily  incorporated. The normal 
velocity  must be zero, and the normal gradients of a l l  other variables  
are zero there. The swirl velocity too must be set to zero on an 
axis o f symmetry for swirling flows. At free surfaces, the f lu id  
stress is continuous.
2.10 Conclusion
In this chapter, the underlying mechanisms of turbulence 
were discussed, and formulated in terms of an indeterminate set of  
equations. A closed equation set is developed through a process 
known as turbulence modelling. This is in i t ia l i z e d  by a consideration 
of the stress equations. I t  is shown that stress equation models 
such as that developed in section 2.4 involve approximations of 
uncertain value, and that they may not produce better predictions  
than more simple models. Most applications have been directed toward
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the prediction of simple shear flows. A solution of the stress 
equations which are coupled to the mean flow, k and e equations 
w i l l ,  fo r  e l l i p t i c  flows especially, be very expensive in terms of 
computational needs. Stress models however, serve to point the way 
to a very much simpler conception of turbulence transport. This 
is the k-e model of turbulence. There are several objections 
to modelling the Reynolds stresses as functions of an e ffec tive  
viscosity and local mean flow strain rates. Indeed, such approximations 
are a t least as uncertain as those made fo r  stress models. But the 
computational demands made by this model are well w ithin the 
capab ility  o f most modern computers. The calculations of many workers 
in this f ie ld  indicate that while accurate predictions in some flow  
situations have yet to be obtained with the k-e model, i t  should 
predict th e ir  behaviour at least q u a l i ta t iv e ly .  In many respects, 
the engineer should be well sa tis fied  by being able to design 
equipment with the fore-knowledge of r e a l is t ic  f ie ld  d is tr ib u tio ns .
The k-e model is encumbered by several parameters which are not 
universal, however. But there are indications that they do not vary 
widely from one flow to another. The most commonly occurring boundary 
conditions were described in section 2 .9 . I t  is shown that care 
must be exercised when the flow domain is bounded by walls and in le t  
planes. The la t t e r  cause d i f f ic u l ty  for both stress equation and 
k-e models, because measurements of T^j in many systems are often  
absent at places of most relevance to calculation methods, and e cannot 
in general be measured. So an ind irect way o f specifying these 
variab les, and perhaps k i t s e l f ,  is often necessary a t  in le t  planes.
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This could lead to poor predictions, but that methods of calculation  
are ava ilab le , is of paramount importance; future experimentation 
can only enhance these techniques.
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CHAPTER 3
THE OBSERVED FLOW IN AN AGITATED VESSEL
3.1 Introduction
A means of predicting the turbulent flow of f lu id  in th is  
system is not s u ff ic ie n t  in i t s e l f  unless i t  is  capable o f revealing  
those features that are actually  observed.
The present chapter therefore, is devoted to a description  
in both q u a lita t iv e  and to some extent in quantita tive  terms, of 
the observed flow in an agitated vessel. This requires an analysis 
of available data.
Some data w i l l  of necessity be b u i l t  into the model by 
way o f boundary conditions, but in general there is only lim ited  
data available for comparison in regions other than the impeller stream, 
Even there however, i t  is  fa r  from complete. Consequently, an 
assessment of the model's v a l id ity  must depend to a large extent on 
in tu i t iv e  judgement and on how well some variables are predicted 
a t certain places in the vessel. I f  these predictions are satis factory  
i t  may be in ferred that the model i t s e l f  is satis factory .
C learly , a review of the experimental l i te ra tu re  is 
important. Because the objective of this thesis is concerned with 
modelling the physical process however, and not experimentation, 
comments on experimental method and measuring equipment w i l l  be 
suppressed unless i t  is f e l t  necessary to make them. Details  may 
be found in the orig inal references.
Most investigations deal with systems and geometry that  
have l i t t l e  in common with others, so to f a c i l i t a t e  th e ir  discussion
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a set o f non-dimensional variables is introduced. The systems involved 
are geometrically s im ilar in that th e ir  shape is as depicted in 
f igure  1 .1 . Only one length scale is needed to non-dimensionalise 
the system, and this is taken to be the impeller radius D/2. The resu lt  
is shown in figure 3.1 where baffles and impeller d e ta ils  are 
excluded fo r  s im plic ity . Reference is made to a x ia l ly  symmetric 
c y lin drica l co-ordinates with origin a t the im peller centre. Since 
D/2 and are the only length and time scales one has as non- 
dimensional variables
I *  = 2r/D; = 2^/(ND)
k* = 4 k /N V ) ;  e *  = 4 e / ( n V ) .  (3.1)
Both jj*  and k* should be nearly constant at a point, though the influence
of walls must cause them to depend on the Reynolds number Re or Re^
to some extent, because of boundary conditions. Several studies
have found that ^  and k* are approximately constant however (10, 68-71)
and i t  follows from equations (3 .1) that for fixed geometry, the
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component turbulence in tensities  (e.g. u/u' ) are, l ik e  u*, constant 
a t  a given point for fixed Re.
3.2 A Q u alita tive  Description of the Flow
A j e t  stream emerges from the impeller and develops 
about z*= 0. I t  is called the impeller stream, and is a d irec t  
resu lt  of impeller design. In this part of the flow, axial ve loc it ies
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tend to be r e la t iv e ly  small. Apparently, f lu id  on z*= 0 is discharged 
from the impeller at angles ranging from about 40° to 50° opposite 
to the sense of rotation . The radial ve locity  in this region tends 
to dominate however ( 68 , 74, 75, 76). Van der Molen and Van Maanen (71) 
find that a t  a short distance from the impeller t ip  the tota l mean flow 
is almost ra d ia l;  th is is in contrast to the results of Sachs and 
Rushton (75) and Günkel and Weber (74 ), where s ig n if ic a n t swirl 
is observed throughout the region z*~0 , r*< 3 .
Some experimental data suggests that the impeller stream 
is  symmetrical about the impeller plane (z*= 0 )(70 , 74). But in 
systems where /  y/2  symmetry about z*= 0 is a t  best only an approxi­
mation. Reed e t  al (76) conclude that the stronger mean c ircu la tion  
in the lower compartment "manifests a mean in e r t ia  that bends the 
mid-plane upward". In th e ir  work, Y^= y /3 .  Continuous operation of 
agitated vessels can also promote asymmetries about the impeller  
plane. At the flow rates employed by Rao and Brodkey (77) this  
e f fe c t  is very s ig n if ic a n t. Any tendency toward impeller plane asymmetry 
must increase the ve rt ica l velocity a t  z*~ 0 , and so modify the 
character of the impeller stream as described above.
From continuity considerations, both v ert ica l plane mean flow 
components o f  ve locity  are important in the re -c irc u la tio n  zones.
C learly , fo r  z*> 0 , W^is positive in near-wall regions, and is negative 
in near-ro tation axis regions. The radial component passes through 
zero a t  points above the impeller and gathers strength on approach 
to the upper system boundary. This description is in q u a lita t iv e  
agreement with the data o f Aiba (78) and Nagata (10 ). Their results  
also show that the tangential velocity is s ig n if ic a n t throughout 
the rec ircu la tion  zones.
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The question of axial symmetry is an important one because 
three-dimensional f ie ld  calculations are s t i l l  expensive in terms 
of computer storage and running times. Obviously, there is no - 
axial symmetry because of baffles and the turbine geometry. However, 
i f  stationary measurements are applicable, the turbine should not 
have much influence on this symmetry property of the flow. I ts  
rotation has a smoothing e ffec t on asymmetries in the time averaged 
sense. Kim and Manning (79) judged the flow to be axisymmetric 
on 0, while Mujumdar e t al (80) found axisymmetry to e x is t only 
mid-way between the impeller and wall on this plane. F in a l ly ,  Reed 
e t  al (76) demonstrate conclusively, the general asymmetry of flow 
in the impeller stream.
The most highly developed theory o f s ta t is t ic a l  turbulence 
is  that where homogeneity and isotropy are assumed to hold. I t  
is  c lear however, from the studies of I to e t  al (70) and 
Schwartzberg and Treybal (81 ), that no segments of the flow can be 
said to sa tis fy  these conditions. Indeed, homogeneous isotropic  
turbulence is an idealisation that can never be achieved when the 
flow is steady, as can be seen from equation (2 .1 1 ) .  I f  the flow 
were homogeneous, G = c . On then imposing the condition of isotropy 
one finds that nothing can balance the d issipation ra te . This is 
unfortunate because the many relationships available from homogeneous 
isotropic theory, cannot be applied. I t  is widely believed however, 
that i f  the microscale Reynolds number, Re  ^ is s u f f ic ie n t ly  high, 
the turbulence a t small scales is homogeneous and isotropic.
Those properties of the turbulence which depend in the main 
on i ts  f ine  scale structure should be estimable from the theory. One 
such property may be e because for isotropic homogeneous 
turbulence ( 2 )
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e = 2v 7K^E(K)dK = 20vkA^, (3 .2 )
0
where K denotes the disturbance wavenumber, E denotes the energy 
spectrum of turbulence, and X f  denotes the longitudinal Taylor 
microscale of turbulence. The K dependence o f E a t high K is known 
with certa inty  in the in e r t ia l  subrange of the univeral equilibrium  
range of K, for simple dimensional arguments reveal (2 ,5 ) :
E(K)a (3 .3 )
This spectrum is three-dimensional, and cannot be measured d ire c t ly .  
But the theory has produced a relationship between E and i ts  one­
dimensional counterpart E-j. That re la tion  implies a s im ilar behaviour 
in E-j a t  high K, to that given by equation (3 .3 ) .  So the existence 
of a "-5 /3  slope" in measured, one-dimensional energy spectra, 
indicates that the turbulence is lo ca lly  iso trop ic , a feature of 
some importance for agitation systems because dispersed partic les  
are often small enough for i t  to be said that th e ir  scale l ie s  w ith in  
the in e r t ia l  subrange of locally  isotropic eddy scales (3 , 4 , 26 ).  
Equation (3 .3 ) can then be used to predict the maximum size a droplet  
can reach before i t  ruptures due to pressure fluctuations a t  i ts  
surface. The approximation may also be applied fo r  the prediction  
of the decay of mean-square fluctuations in the concentration of 
a general scalar (82 ), and for deducing correlations fo r  transfer  
coeffic ients  in multiphase flows (83 ). Keey (84) has reviewed the 
application of isotropic theory to mixing processes.
Many investigators therefore, have aimed at showing or 
not showing a -5 /3  dependence in the high frequency part of measured 
energy spectra. This behaviour has been found in both the impeller  
stream (69, 70, 74, 77, 85) and the rec ircu la tion  regions (10, 74, 86 ) ,
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while in other studies (79, 80, 87) no -5 /3  slope was observed 
in the impeller stream.
To summarise the findings of these researches, i t  is 
evident that in the impeller stream near to the impel 1e r , vortices  
t r a i l in g - o f f  the blades cause an in teraction with purely random 
turbulence. This appears in energy spectra, as a pseudo turbulence 
contribution that cannot be separated to reveal the purely random 
component, unless measurements are taken in a frame moving with the 
impeller (87 ). So a -5 /3  subrange is un like ly  to appear in spectra 
at near impeller locations, as measured with stationary probes. At 
f in i t e  Reynolds numbers i t  may be that boundary influences are so 
strong that local isotropic turbulence can never occur in most of 
the impeller stream. Outside the impeller stream, the assumption 
of local isotropy seems to be valid .
3.3 The A v a i la b i l i ty  of Data
Due to the three-dimensional nature of the system, the 
general complexity of the flow, and measurement l im ita t io n s , i t  
is understandable that a comprehensive set o f f ie ld  variable  
d istributions  is lacking a t present. Most data of the kind relevant 
to this work refers to the impeller stream. Van Der Molen and 
Van Maanen (71) consider the impeller stream as the most "crucial 
region for the performance of the vessel".
The most ambitious set of measurements to date are contained 
in the book by Nagata (10), though his sytem has an eight blade 
paddle, and the data were obtained using a pi to t  tube. Measurement
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techniques have advanced considerably in recent years, from hot-wire  
and h o t- f i lm , to laser doppler anemometers (71, 74, 76, 77, 86) .  
Photographic tracking methods have also been popular (6 8 , 81, 85).
Variable measurements that could be useful in va lidating  
present day prediction procedures include, the components of mean 
v e lo c ity , the turbulence k inetic  energy per un it mass k, and i ts  
rate of dissipation e.
The measurement of e  remains the ch ief d i f f i c u l t y  in 
experimental f lu id  dynamics, due to i ts  dependence on gradients of 
fluctuating  velocity . I f  Re  ^ is large enough, point values of e are, 
in theory, estimable through relationships l ik e  ( 3 .2 ) .  Such calculations  
may not be conclusive however, due to the experimental l im ita t io n  
of sampling the f in es t scale motions.
A ll that has been achieved with respect to e is a rough 
idea of where most of the input energy is dissipated. Cutter ( 68 ) 
made the e a r l ie s t  contribution in this d irec tion . He used in tegral  
methods to estimate the flux of energy at d i f fe re n t  radial sections 
extending from r*= 1 to the w all. His main conclusions were that the 
e - f ie ld  is highly inhomogenous. About 20% of the input energy is  
dissipated in the impeller i t s e l f ,  50% of dissipation occur in the 
impeller stream, leaving only 30% to be dissipated in the bulk of 
the vessel.
These results have been widely accepted since th e ir  publication  
(22, 26, 84 ) . In the case of drop size d istr ibutions there is 
favourable agreement between model predictions and data, when e is 
replaced by i ts  system mean, as calculated from the standard power 
number corre la tion . In this context, e determines droplet breakage 
rates (2 6 ).  This implies that c is  rather more homogeneously d istr ibuted
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than is  suggested by Cutters' data, a view shared by Brian e t  al (83).  
So most dissipation is expected to occur in the rec ircu la tion  zones 
because correlations based upon the tota l power input per un it  
mass work so well fo r  a number of processes in s t ir re d  tanks.
Further support for  this contention is found in section 3 .2 . I f  
the rec ircu la tion  zone turbulence is lo ca l ly  iso trop ic , in tu it io n  
leads to the suggestion that inhomogeneities in e  w i l l  not 
be pronounced. Cutter's data suggests tha t rec ircu la tion  zone 
values of c are so low, as to imply a discontinuity  in the 
f ie ld  across the zone separating the impeller stream from the bulk.
Günkel and Weber (74) approached the problem in a manner 
s im ila r  to Cutter ( 68) .  They calculated the energy f lu x  across a 
control surface enclosing the im peller, and from i t ,  were able to 
determine the power number assuming no dissipation within the control 
volume. The good agreement between Np as reported in the l i te r a tu r e  
and these calculations implies that the above assumption is correct.  
These authors have produced the most deta iled analysis of the 
rec ircu la tion  zones to date. Their findings reveal that turbulence 
ve loc it ies  do not vary greatly with position, and that the turbulence 
in ten s ity  is about 60%. So predicted dissipation rates and other 
turbulence variables should not suffer strong gradients in this region, 
i f  th is data is t ru ly  representative.
A calculation of il, a measure o f the size of energy containing  
eddies as given by equation (2.38) is important. This is p a r t ic u la r ly  
so, when system geometric parameters are varied. Günkel and Weber 
found Jl to depend only weakly on system geometry. This is fu rther  
evidence that the recirculation zone turbulence has an isotropic  
character.
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Specific point data for the rec ircu la tion  zones is not 
generally availab le . But this should not be too great a disadvantage 
in view of the above comments. Furthermore, the behaviour of the 
mean flow in this region should be predictable, a t least q u a lita t iv e ly .  
Günkel and Weber however, have measured a radia l p ro f i le  fo r  the 
axial mean and turbulence velocity components.
Turbulence data fo r  the impeller stream is complicated 
by the need to distinguish between turbulence, and the t r a i l in g  
vortex contribution to the fluctuation energy 87). I to e t
al (70) measured a l l  six independent components of the Reynolds 
stress tensor. But although the ir  spectra peak a t m ulitip les  
o f the blade passage frequency, they do not account for this e f fe c t  
on the ve rt ica l p ro files  of the T . . * .  I t  is impossible to make a
• V
correction here since data is recorded with a stationary probe.
The component energies of turbulence, or diagonal components 
of T^j*as measured, a l l  have Gaussian p ro files  which are symmetrical 
about 4 = 0 , having maxima that decay with increasing r * .
Fort e t  al (69) and Oldshue (30) who measured p ro files  a t
the im peller periphery, and Komasawa et al (85) and Cutter ( 68 ) who
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report a rad ia l p ro f i le  of u* and k*respectively , also do not 
consider the effects  of any pseudo-turbulence. So-called corrected 
turbulence energy pro files  in the impeller stream are given by 
Günkel and Weber (74) and Mujumdar e t  al (80 ). They assume that  
the periodic and purely random components of fluctuation  are 
uncorrelated. But th is is a very s im plis tic  view of the process. With 
stationary measuring probes however, i t  is the only means by 
which a representation of real turbulence can be obtained. The 
results suggest that local values of turbulence in ten s ity  on z* = 0
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range from 5% a t r *  = 1 to about 40% at r * î& 1 .6 .  I f  corrections 
are not made to such data, in tensity readings of 30-70% are expected 
throughout the impeller stream. Whether the practise of 'correction' 
should be accepted is very d i f f i c u l t  to ascertain. The flow is 
time dependent in regions local to the impeller where t r a i l in g  
vortices coming-off the blades penetrate the main body of f lu id .
F in a l ly ,  mean velocity data for the impeller stream is 
well documented ( 68 , 71, 72, 74, 75, 76, 77, 80, 88) .  This information 
w il l  prove to be important in deciding on boundary conditions a t the 
im peller, and is useful for validation purposes.
3.4 The Impeller Discharge Flow
A part of the mean flow that has achieved prominance in the 
l i te ra tu re  is  the impeller discharge. The combined e f fe c t  o f events 
that lead to the formation of a t r a i l in g  vortex pa ir  a t a blade 
of the turbine, and to swirl reduction by b a ff le s ,  are responsible 
fo r  this flow. Cooper and Wolf (89) argue that the turbine  
pumping number
Nq = Q/ND  ^ (3 .4 )
should be used in some cases for correlating experimental data.
They note that the 'mixing time' in a s t ir red  vessel is dependent upon 
the pumping capacity Q. The turbine pumping capacity is here defined 
as the z - in te g ra l of the positive part of the axial p ro f i le  o f u fo r
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flow from the turbine periphery. A consideration of this part of  
the flow f ie ld  is essential to any analysis which aims to predict  
the behaviour of processes occuring in th is  system.
At the impeller periphery. Cooper and Wolf ( 88) and Fort 
e t  al (72) measured axial profiles of |^*| for  systems where 
< y /2 .  In each case the profiles are of Gaussian appearance 
but with axis shifted s l ig h t ly  upwards to cause a loss of symmetry 
about z* = 0. In the study of Fort e t  a l ,  two systems were studied. 
One o f these had 3 = 3 while the other had 3 = 4 .  For the la t t e r  
system, the degree of asymmetry was neg lig ib le . This is to be 
expected on in tu i t iv e  grounds because the flow from larger impellers  
(equivalent to low 3 ) have a greater in teraction with the vessels' 
boundary. When = y /2  on the other hand, the p ro f i le  axes coincide 
with the impeller plane and the assumption of symmetry there is 
valid  (74). Exact symmetry of course is only possible when the 
vessel has a f l a t  bottom and a l id  on top.
Cooper and Wolf ( 88) studied several systems in which only 
the turbine diameter was varied. The emphasis is placed on turbines 
with a = 0.2 and 1.6 < 3 < 5 .  The experimental p ro files  o f u*, v* 
and |£*| are roughly of Gaussian form, although they conclude that 
the u * -p ro f i le  a t  the impeller periphery is parabolic. The study 
of Cooper and Wolf ( 88 ) leads to the resu lt  u* < v* < | w h e n
-  ct < z * < a ,  which is independent of impeller speed. Fort et al (72) 
and Kratky e t  al (73) on the other hand, found v*< u* < |u*| 
in the neighbourhood of z* = 0. Their data confirms the observation 
that the u * -p ro f i le  is parabolic. In contrast to Cooper and Wolf 
however, they find that u*>v^on z* = 0, r *  = 1. By imagining a 
s h i f t  of orig in  with respect to systems which operate on a continuous
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flow basis, then confirmation of this tendency is also found in 
the paper by Rao and Brodkey (77). But th e ir  impeller is in fa c t ,  
a paddle.
GUnkel and Weber (74) whose system possessed impeller 
plane symmetry, measured radial p ro files  of u* and v* on z* = 0. Their
data reveals that
V  = V  (3-5)
where subscript ' 0 ‘ denotes conditions a t  X in Figure 3 .1 .
For such systems i t  could be argued tha t in the neighbourhood
o f X, u sa tis fies  the approximate continuity equation.
^  (ru) = 0 (3 .6 )
whose solution is
u = UQ(D/2r). (3 .7 )
This r   ^ dependence of u was experimentally v e r if ie d  on z = 0 
by Holmes e t  al (90) fo r  r > D/2.
Now X lies  in the narrow stream emerging from the impeller  
and having centre plane z = 0 where 8/3z = w = 0. So assuming 
axial symmetry, neglig ib le  z gradients, and a neg lig ib le  stress 
divergence, the swirl momentum equation can be w ritten  as
^  + (3 .8 )
with solution
V = VQ(D/2r). (3 .9 )
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Equations (3 .7 ) and (3 .9) imply, in view of equation (3 .5 ) ,  
that u and v behave id en t ic a lly  in the neighbourhood of X. But a 
decay in u from r = D/2 on z = 0 was not observed by Günkel and 
Weber (7 4 ),  Sachs and Rushton (75) or Cutter ( 68 ) .  They determined 
a maximum in the u -r  curve there at some distance from the 
turbine periphery. Moreover, data (74) reveals that 0 < 3 v /3 r < 9 u /9 r  a t X 
Consequently equation (3 .6 ) does not apply near X and the z-gradient  
of w is  important. Equation (3 .8) may be acceptable i f  the increase 
in V a t X is neg lig ib le .
There is very l i t t l e  data concerning w* in the discharge 
stream mainly because i ts  detection there is d i f f i c u l t .  But measurements 
by Günkel and Weber (74) a t z* = - . 3 < - a ,  reveal that w* is a t leas t an 
order of magnitude lower than u*. For 1 < r *  < r .  where 3 -  r_ is 
the wall stream width, w* is independent of r * .  In the region 
0 < r *  <1 th is  component of velocity goes through a local maximum 
of about twice i ts  value at r *  = 1 , and returns to that value on 
the 'symmetry' axis. On the surface these values of w* w i l l  be 
somewhat sm aller, and a tentative assumption in the analysis to 
follow in Chapter 4, is that w* is constant on
The foregoing observations re fer to that part of Z ^  fo r  
which z* < 0. Cooper and Wolf ( 88) have shown that w* is almost 
constant on the upper surface, but, due to the impeller shaft, i t  
reduces to zero a t  r *  = 0. A vertical p ro f i le  of w* a t  the impeller 
periphery was determined experimentally by Fort e t  al (72) who 
confirms that w* is small by comparison to Uq^. This p ro f i le  has 
the form o f a cubic.
Any dynamic model of the impeller discharge that uses 
the princip les  of mass and momentum conservation must be based on
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key assumptions, some of which w ill  be physically u n re a lis t ic .
Cooper and Wolf (89) fo r  instance, made the following assumptions.
(a) flow within the turbine is annular of core radius 
^rad < 0 /2 . The f lu id  is stagnant in the core.
(b) f lu id  in the region < r  < D/2 behaves as a solid  
body, rotating with the angular ve loc ity  of the turbine.
(c) w is independent of r fo r  C^ ^^  ^ < r  < D/2.
Now the second of these assumptions c erta in ly  in va lid  (74)» and this
is by fa r  the most important. So i t  is not surprising that the model
developed by Cooper and Wolf (89) did not f i t  experimental data w e ll .
A kinematic formulation of the ve rt ica l plane components
of u on z is apparently the better way to proceed, where the
impeller is treated as a source of momentum and energy. Kratky
e t al (73) adopt this approach for quantifying the flow on E^.
Thus a suitable function is f i t te d  to the observed radial
ve loc ity  p ro f i le  a t E  ^ and integrated to y ie ld  the stream function \{j.
I t  is  of course necessary to include an r  dependence in the p r o f i le ,
so in the absence of a better a lte rn a tiv e , an assumption that i t  is 
2
l in ear  in r  seems appropriate at E^. In view of what has
been said of w on E^, a useful approximation is to assume that the
above ij; holds on that surface too. Such a procedure ensures mass 
conservation over the cylindrical surface E swept by the impeller; 
and allows Nq to enter the discharge flow specification as a parameter.
In terms of ijj
Np = ZuCJ'CD/Z, z^) -  i);(D/2, Z2) ) /N d3 . (3 .1 0 )
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where and Zg are the lower and upper axial positions a t which 
the u -p ro f i le  at r  = D/2 about z = 0 reduces to zero.
3.5 Models fo r  the Flow in Agitated Vessels and Sim ilar Equipment
Most investigations reported in the l i te ra tu re  are experimental 
in nature, or combine experimentation with the development of 
correlations and models fo r  certain processes, based on system 
averaged variab les. No models of processes occurring in the presence 
of turbulent a g ita t io n , that predict the time-averaged space 
d is tr ib u tio n  of important variables through a classical boundary value 
formulation, are currently availab le . The advances that have been 
made in th is direction assume low Reynolds numbers or ju s t  laminar 
f l  ow.
DeSouza and Pike (21) argue that because the flow in a 
s t ir re d  tank is so complex, i t  cannot be modelled as one region.
They model i t  as a number of d is t in c t  though asymptotically merging 
flows. For the impeller stream, a 'tangential j e t '  model is used.
This jo ins a potential stagnation flow a t  the w a ll .  About the 
rotation ax is , a c ircu la r  j e t  is used to model the flow, and other 
zones are modelled as e ither potential flows, or are given 'dead- 
water' status. A la te r  a r t ic le  by Ambegaonkar e t  al (20) uses 
a s im ilar  modelling procedure. They include boundary layers a t  the 
top and bottom w alls , and dispense with dead-water zones. In both 
models, axial symmetry is assumed.
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These formulations contain a number of unknown parameters 
and region boundary locations that can only be determined by f i t t in g  
flows as predicted in each region, to those which are actua lly  
measured. Once the unknowns are set in th is  way, a predic tion  
procedure results for geometrically s im ila r  systems. When 
the geometry is varied the parameters must be re-estimated.
Prediction procedures l ike  these have three basic 
defic iencies. F i r s t ly ,  the pre-selected solutions may not be compatible 
with the actual flow. Secondly, only the mean ve loc ity  f ie ld  is  
predicted, while the pressure, turbulence energy and decay rate remain 
unknown. Th ird ly , the level of empiricism involved is p roh ib itive .
Hiroaka e t  al (91) conducted a numerical study of the paddle 
and anchor driven laminar flows in a non-baffled cy lindrica l vessel.
They assumed the flow to be two-dimensional, and solved the equations 
governing the stream function and v o r t ic i ty  in plane polar co-ordinates. 
Their predictions led to the conclusion that the model was va lid  
fo r  large im pellers, a f te r  comparison with data. Brauer. e t  al (92) 
performed a s im ilar analysis, though in cy lin drica l co-ordinates 
with axial symmetry, to investigate the flow driven by a perforated  
disc in a vessel having a cylindrical mid-section, and truncated 
cones above and below i t .  The primary swirling and secondary vertica l  
plane flows were reported for a Reynolds number o f unity. Shultz 
and Shah (93) calculated the laminar rec ircu la ting  flow between 
two rotating discs and a fixed shroud fo r  Reynolds numbers up to 10^. 
They too used the ' i p - œ '  method.
On another note, Ramshaw (94) who was concerned mainly 
with the flow past a turbine blade, assumed the flow there to be 
i r r o ta t io n a l . This allowed an estimation of the f lu id  acceleration  
terms in the equations for partic le  motion, which a f te r  in tegration
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y ie ld  estimates of the crystal "co llis ion corridor" fo r  an impeller  
blade. Other analytical studies that rest heavily on approximation 
have been made (e .g . 95).
An appropriate point of development has therefore been reached, 
where a solution of the equations fo r  turbulent f lu id  flow in a 
baffled  vessel, should be investigated. Indeed, Launder and Spalding 
(23) suggest that some simplifying assumptions might be made to render 
the solution of a k-c turbulence model possible. The general need 
fo r  such an approach was indie... 1 by Patterson (22 ). He argues 
that the modelling of the hydrodynamics is possible through the methods 
outlined in Chapter 2 of this thesis.
3.6 Conclusion
The l i te ra tu re  concerning the flow of f lu id  contained 
in a baffled agitation vessel has been reviewed. A q u a lita t iv e  
appreciation of the mean flow and turbulence has been gained. In 
some cases, fundamental differences e x is t  between various studies. 
They concern in p a rt ic u la r ,  the d istr ibution  of e, and the way 
in which turbulence measurements in the impeller stream should be 
viewed.
Of principal in tere s t in the numerical prediction of this  
flow, is the mean velocity  f ie ld .  The results in the v ertica l plane 
should show large vortices above and below the impeller plane, on
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e ith e r  side of the impeller rotation axis. Velocity magnitudes 
in these vortices are less certain , but some data is available  
fo r  va lidation purposes. This level of knowledge has yet to be 
gained fo r  the horizontal plane flow, except perhaps in the impeller 
stream (see e .g . 76). Consequently, swirl velocity  predictions w i l l  
have to be assessed on in tu it iv e  grounds, and on how well the 
predictions generally, coincide with the data that is availab le .
A s im ilar  comment applies to the turbulence energy and dissipation  
rate levels in the tank. The la t t e r  is constrained by the requirement 
that i ts  mass integral is smaller than the system power consumption.
In the Chapters to follow, reference is made only to a 
p art icu la r  system (74 ), and non-dimensional variables are dispensed 
with. An ultimate objective would be however, to investigate the 
flow in the generalized system depicted in Figure 3 .1 . This 
Figure is referred to regularly throughout the remainder of the 
thesis fo r  the purposes of describing certain aspects of the 
p art icu la r  system under study.
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CHAPTER 4
A MODEL FOR THE FLOW IN AN AGITATED VESSEL
4.1 Introduction
In Chapter 3 i t  was implied that the im peller should be 
treated as a 'black box'. I t  is therefore assumed that events 
occurring w ithin the turbine have a neglig ib le  influence on parameter 
distributions throughout the major part of the vessel, and that the 
l a t t e r  is  determined by the 'output' from this subsystem. That output, 
a function of position on z , is the impeller boundary condition.
Reference .to figure 1.1 and Section 3.2 reveals that there 
can be no axia l symmetry in baffled systems. In such cases, calcu­
lations should proceed in three-dimensions over a quadrant centered 
on a b a f f le .  This allows the setting of cyclic  boundary conditions 
in the horizontal plane. Three-dimensional calculations however, 
pose storage, run-time and therefore resolution problems, that 
should be avoided i f  possible, for a f i r s t  calculation.
Now although baffled agitation systems cannot be r e a l is t ic a l ly  
modelled in a two-dimensional framework, an assessment of such a 
model is important in view of the economy o f calculation which is  
achieved. For present purposes then, a baffled wall is viewed as having 
four discontinu ities in the horizontal plane, whose e f fe c t  is smoothed 
to y ie ld  an axisymmetric boundary condition there. Conditions on 
Z are considered axisymmetric,whence, the calculated flow is 
axisymmetric.
The governing equations are drawn from the k-e model; in 
terms of a x ia l ly  symmetric, cylindrical co-ordinates they follow from
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equation (2 .43 ):
7  g|(Pfu<(i) + ^(pwcfi) = 7  3p(r^^eff "" i ? )
+ i i )  + . (4 .1 )
This is an e l l i p t i c  equation. The functions (p, exchange coeffic ients  
e f f  sources are specified in Table 4 .1 .
For baffled systems, must be augmented by -  1 where 
6 denotes the angular co-ordinate. Axisymmetry renders i t  necessary 
to model th is  term independently. This highlights the need for a 
f u l l  three-dimensional treatment of problems which involve baffled  
tanks. For present purposes i t  is argued that the angular pressure 
gradient may be decoupled from i ts  vert ica l plane counterparts. Thus, 
the source -  Sg/r tends to suppress s w ir l ,  to include the e f fe c t  of 
baffles  im p l ic i t ly  in the model.
A model for Sg follows from the d e f in it io n  of a drag coe ff ic ien t.  
Baffles reduce swirl by imposing positive pressure gradients on the 
horizontal plane flow, or equivalently , by exerting a pressure induced 
drag on the swirling component o f the flow. Thus, the model chosen 
fo r  Sg is
Sg = Cg^pv^. ( 4 . 2 )
Possible values for the dimensionless c o e ff ic ie n t should be 
determined a f te r  comparing predictions with experimental data.
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4.2 Boundary Conditions
Boundary conditions are required on the symmetry ax is , walls 
and on z .  I t  is recognized that the existence of an impeller shaft 
w i l l  a f fe c t  the flow to a degree which depends on i ts  diameter. The 
shaft diameter is however, assumed small enough fo r  the shaft to be 
overlooked in the calculations to follow.
On the symmetry axis the conditions are simply
u = V  = = 0, #  ^ u or V ,  on r  = 0. (4 .3 )
A s im ilar  condition where w = d c p / d z  = 0 , # /  w is assumed in the case 
of a f l a t  free surface.
At an impermeable w a ll, the no s l ip  condition is an obvious 
kinematic requirement. At near-wall points however, ve loc ity  gradients 
are very large over a narrow region, and viscous e ffects  can dominate 
a t those locations. Consequently, a very fine  grid  is necessary 
here fo r  numerical solution. To avoid th a t ,  and because the k-e model 
is  re a l ly  only va lid  at places where Re  ^ is high, the universal law 
of the wall is used to link  the in e r t ia l  sublayer, where the model 
is  supposed to be v a lid ,  to the w all. This law applies to channel 
or pipe flows, where there is only one non-vanishing velocity  
component, and the dependent variables are functions only of the 
la te ra l co-ordinate y . For re -c ircu la ting  flows, th is approach has 
been used successfully as an approximation (50, 57, 60).
A rigorous derivation of the universal ve locity  p ro f i le  
is  given by Tennekes and Lumley (5 ) ,  and the f in a l  resu lt  in 
summary form is
u"*" = K"T&n(Ey*). (4 .4 )
Here, E is the roughness parameter (= 9.0 for smooth w a lls ) ,  and k 
is Von Karman's constant (= 0 .4 ) .  u  ^ is the dimensionless component
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of ve loc ity  para lle l to the w a ll, and y'*' is the wall flow Reynolds 
number. The scaling parameters are
= (Tw/p)1/Z (4 .5 )
y^  =v/u^ (4 .6 )
where denotes the wall shear stress.
Equation (4 .6 ) applies to the region y * » l ,  otherwise 
known as the in e r t ia l  sub-layer (5) where the shear stress is 
constant and equal to and viscous e ffects  are neg lig ib le .
In this region, i t  is known from experiment that the turbulence
energy equation reduces approximately to a statement of equilibrium (5 ):
6 = p e . (4 .7 )
I f  the wall in question is paralle l to the z -a x is , equation (4 .7 )  
sim plif ies  to
3W 2
-  Tw 9? ^ t  = Pc%t = -^ w ' 
a f te r  invoking the assumptions of Couette flow, using the expression 
fo r  G as given in Table 4.1 and applying the eddy viscosity  hypothesis. 
F in a lly ,  use o f equation (2.39) leads to
~  = u  ^ = Cg/^ k = constant. (4 .8 )
Whence,
and
y+ = y U^/V = y(C^/Zk)1 /2 /v ,  (4 .9 )
W " = w/u^ = (wu^)/u2 = pw(CQ/^k)^/^/T^ . (4 .10)
Thus, the requirement that turbulent flow calculations  
reproduce the logarithmic velocity p ro f i le  a t  the wall,amounts to 
f ix in g  the wall shear stress (momentum sink) through
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= Kpw(cT/Zk)l/2 /log(Ey+). (4 .11)
Equation (4 .11) is supposed to account for the presence 
of a nearby w a ll ,  and was derived on the assumption that the 
generation and dissipation rates of turbulence k ine tic  energy 
per un it  volume, are lo ca lly  in balance. But i f  f  0, one has 
under present approximations
2Ç _ 3w p k
Sk -  -  ?w ar -  Co 
o r, since in this case,
Sk = ( -  - (4 .12)
This should be small i f  equation (4.11) adequately describes near
wall e f fec ts .
The dissipation rate at a wall should be specified , but
this is not necessary as i t  is known in the in e r t ia l  sub-layer. By
reverting to the zero k-source condition, i t  follows that
- C k3/2
^ t ( f  -  A -  = 0 •
or
^ t  = " T T r i % "  I f
D
in view of equation (2.39) and Prandtl's mixing length hypothesis (64). 
Thus
Z  = cJ^^Ky
which gives 3 /4  3/2
n
(4.13)
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The wall boundary condition is concluded by reference to equation (4 .8 ) :
|-p = 0 at the w a ll .  (4.14)
4 .3 The Flow a t Z
To avoid undue complexity, impeller plane symmetry is
assumed.
Now, the stream function i py is  of central importance to 
the ve rt ica l plane flow. That such a function exists follows from 
equation (4 .1 ) where 4> = 1. I t  is determined from
= -  ru and ^  = rw. (4.15)3Z 9r
o
Let ip be proportional to r  :
\p = r^ f (z )  on E. (4.16)
This requires that u be proportional to r  and data (74) confirms 
th is  a t  least in the v ic in ity  of X (see f ig .  3 .1 ) .  Whence, the 
functions
2ug p
^ = - ( n r ) /  f ( z )
4un
w = -  ( - / )  f ( z )  (4.17)
2ug




f (z) = ^ =  1 - ( | - )  (4.18)
and z-j is a constant, are seen to describe k inem atically , the 
observed flow on z .
The turbine performance is usually characterised by the 
pumping number; this is obtained from equation (3 .10) and the 
f i r s t  of equations (4 .17 ):
4ïïUqZi
Nq should be used to parameterize the above equations,rather  
than z-j.
To avoid the somewhat ad-hoc practise of f i t t in g  a p ro f i le  
to the resu ltant mean flow velocity from which a v-boundary 
condition a t Z may be deduced, the tangential flow on. th is  surface 
is  assumed to be reasonably well represented by
V = VQ(2r/D) ( 4 . 20)
Whilst this is in d irec t  conflic t  with the observation that the 
f lu id  enclosed by E is not in solid body ro ta t io n , there is no 
evidence to suggest that such an assumption w i l l  not suffice fo r  
present purposes.
F in a l ly ,  the turbulence f ie ld s  must be specified at E. Here, 
data i f  i t  were availab le ,especia lly  along E^  could be of value.
But due to the frame of reference in which the relevant measurements 
would be taken, the unquantif iab le  vortex e f fe c t  is present.
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The practice adopted here is to suppose that the turbulence 
level on Z has l i t t l e  e ffec t  at neighbouring points. That is ,  
turbulence in th is  system is s u ff ic ie n t ly  well represented by 
that which is produced through the d is tr ib u tio n  of mean flow 
ve loc ity  gradients, or G. Thus,
k = G = 0 (4 .21)
though not s t r i c t ly  so, is assumed on E. This w i l l  be discussed in 
connection with actual predictions in Chapter 6 .
For unbaffled systems, the same conditions as above are 
assumed to apply. The essential difference is that Nq is assumed 
small enough to be neglected, to y ie ld  an in te rn a lly  generated 
secondary ve rt ica l plane flow,and 3p/ae = 0 .
4 .4  Conclusion
In th is  Chapter, a model for the agitated vessel flow is 
developed. I t  is based on a number of s implifying assumptions.
They are
(a) The flow is axisymmetric.
(b) ' In -tu rb in e ' influences are neg lig ib le  compared to the 
flow as a whole. This is linked to the assumption of  
zero turbulence levels on E, and may not be very 
serious in view of the way in which Günkel and Weber (74) 
determined the global d is tr ib u tio n  of e.
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(c) The impeller shaft has a neglig ib le  e f fe c t  on the 
flow.
(d) The flow on E rotates as a solid body.
(e) The e f fe c t  of baffles is modelled s a t is fa c to r i ly ,  by 
a pressure induced drag e f fe c t  that enters through 
the source terms of the swirl momentum equation.
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CHAPTER 5
THE NUMERICAL METHOD OF SOLUTION
5.1 Introduction
There are two basic ways of solving two-dimensional problems.
The most common f i r s t  step is to recast equations (4 .1 ) into a 
stream -function-vortic ity  ( \ p - a ) )  formulation, thereby elim inating  
pressure from the calculations. The other technique is to reta in  
equations (4 .1 )  in th e ir  present form. I t  is known as the p-jj 
formulation, and enjoys the advantage of being applicable to three- 
dimensional problems as w ell.
Solution methods using \p and w as unknowns are discussed by 
Roache (96) fo r  a wide variety  of circumstances. Gosman e t  al (9 7 ),  
who deal exclusively with two-dimensional e l l i p t i c  problems, have 
developed a numerical method for solving the equations of an 
formulation, that has gained wide acceptance in recent years (e .g . 50, 
48 ). This method could be used for the present problem, but an w-model 
fo r the flow at E is not expected to be very representative o f the flow 
there. Of major importance however, is that a prediction procedure 
fo r  this system must be capable of extension to three-dimensions, when 
i t  is f e l t  that baffles should be accounted fo r  d ire c t ly .
A prediction procedure which solves fo r  p and ^  w i l l  be 
of most use, especially  when d irect access to the ve locity  f ie ld  is 
preferred. Spalding (63) discusses some commonly used methods 
fo r  solving the f in i t e  difference equations (FDE), including the choice 
of grid structure , and techniques for updating the f ie ld s  as 
calculations proceed through the solution domain. Patankar (31)
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who gives a b r ie f  review of solution methods in the p-^mode, states  
that the method developed in his publication (which is also the one 
used in this work) embodies the best features of those availab le . I t  
is a special case of the method presented by Pope (98) which is the 
p-^ counterpart of the i p - u j  solution method of Gosman e t  al (9 7 ) ,  being 
applicable to problems which are referred to general orthogonal 
co-ordinates.
These methods make f in i t e  difference approximations to the 
terms in equations (4 .1 ) .  But the treatment of a rb itra ry  flow 
geometries by f in i t e  difference as opposed to f in i t e  element 
techniques, is now quite straightforward (98 ,99 ).
F in a l ly ,  note that since steady flow is assumed, use of the 
verb "updating" implies that the solution procedures referred to 
above are i t e r a t iv e .  This must be so since equations (4 .1 ) are non­
lin ear and strongly linked.
5.2 Derivation of the F in ite  Difference Equations
Equations (4 .1 ) are integrated over the cell depicted in 
Figure ( 5 .1 ) .  This way of reducing them to algebraic equations is  
preferable to that of making Taylors series approximations to the terms 
in the d i f fe r e n t ia l  equations, because the FDE's w i l l  then always 
sa tis fy  the laws of conservation over an a rb itra ry  volume ( 100 , 101) .
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Thus,
f  {7 ^ (pru4>) + ^(p#) - 7 a7{r ,^effr I7)- â&(r*.eff ‘^ ''e 
e
= i  ' / ' e
integrates as
-  (pw*a)w + (pu*a)_ + (pw(j)a)- -  (pu4,a)
* I r  " V g  V ' ^ e -  (^-T)
The upper case le t te rs  denote the nodes a t  which values of (p are 
stored. Lower case le t te rs  denote the corresponding ce ll faces which 
are located exactly ha lf  way between the nodes. is the volume 
formed by rotating the area shown in figure 5.1 through an angle of 
1 radian, and a is the area of an appropriate face of the c e l l .
Let
De = ( r * , e f f  a)e/Az (5-2)
Cg = (pwa)g (5 .3 )
(K ■ (S . , )
Then the to ta l f lux  expression for the 'e ' face using upwind 
differencing to ensure convergence a t  high local Peclet numbers 
( 101) ,  is
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- + (Dg + Cg)#p, Cg > 0
'  ( -  (Dg-Cg)*E + Dg^p , Cg < 0 .
Other differencing schemes are available which have been shown to 
give better accuracy. One of these was developed by Spalding (102). 
Patankar (31) derives the hybrid scheme, where 0  ^ is dropped from
equations, (5 .5 ) so that
•  '  . A  p . < . .
where Pe is the local Peclet number. For |Pe| < 2 ,  the to ta l f lu x  
is expressed in terms of central differences:
(a J to t ,* )e  = -  (De " + (^e + Cg/2)*p |Pe| <2 (5 .7 )
The source term is considered constant throughout the c e l l ,  
and equal to i ts  value at P:
f  S*dVg = S*pVg. 
e
This quantity is linearised to
S*pVg = S* + S * ' * p  ( 5 . 8 )
to include an e x p l ic i t  cpp dependence, fo r  the incorporation of 
boundary conditions, and to promote numerical s ta b i l i t y .
One can now apply the above tota l f lux  expression to each 
face of the c e l l ,  and use the source term to a rrive  a t the following  
expression for (pp:
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z + S*
. .  i=N,E,W,S 1 1  1' (5 .9 )
i
1=N,E,W,S  ^ ^
Here, use has been made of equation 5 .1 , and the differenced form 
of the continuity equation, that results when in equation (5 .1 ) ,
<p is set to unity.
The coeffic ients represent the combined e f fe c t  of d iffusion  
and convection. For example
A| °  (5 .10)
D g -C e  Cg< 0
using the upwind difference scheme. I t  should be observed that the 
coeffic ien ts  are functions of the other dependent variables.
The coeffic ients  involve ve loc it ies  to be evaluated at ce ll  
w alls . This can be achieved through in terp o la tio n , but i t  would be 
convenient to store ve loc ities  a t  ce ll wall locations, thereby 
avoiding any in terpo la tion . Indeed, these are the only locations  
where ve lo c it ies  are needed for the evaluation of scalars. So the 
momentum equations are integrated over ve locity  c e l ls .  Since this  
problem is two-dimensional, the swirl equation has a scalar solution.
I t  is c lear from figure 5.1 that the ce ll for Wg is centred on e, 
has the nodes P and E a t i ts  west and east walls respectively, and 
the ve loc it ies  a t i ts  north and south walls are the weighted average 
of those a t  n, nE, and s, sE respectively. Of course, in terpolation  
of ve loc it ies  a t the east and west walls fo r  this ce ll w i l l  be 
necessary. But of major importance is that this ve loc ity  is driven 
by the pressure drop Pp " as i t  should be. F in a l ly ,  the
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staggered grid configuration allows a simple f in i t e  difference  
equivalent to the continuity equation:
-  + + Cg - C3 = 0 .  (5 .11)
This equation is instrumental in calculating the pressure, p.
5.3 The Solution Procedure and the SIMPLE Algorithm
Equations (5 .9 ) constitute a set of coupled, non-linear  
algebraic equations. The solution is started by assigning an 
i n i t i a l  set of f ie ld  values to the appropriate grid points. But 
boundary conditions for p have not been derived, nor does this  
variable enter the set represented by p appears only in the 
u and w source terms. Yet values of p are stored at grid node 
locations ( i . e .  P, E, N e tc .)  along with the other scalars (e .g . v, 
k and e ) .  So the solution process is in i t ia l i z e d  by assigning 
best estimates of p, v, k and e to grid nodes, and best estimates 
to w-nodes and u-nodes of w and u respectively.
Using the estimated pressure f ie ld  in equations (5 .9 ) fo r  
4) = w and 4> = u, a preliminary ve locity  f ie ld  (u * ,  w*) resu lts ,  
which is un like ly  to satis fy  the continuity equation (5 .1 1 ) .  To 
correct fo r  th is ,  use is made of the SIMPLE (sem i-im plic it  method 
fo r pressure linked equations) algorithm, as developed by Patankar 
and Spalding (65).
The preliminary velocity w* for example, s a t is f ies
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2A'!' w| = a” w* + ........... + al^(p^ -  p | ) .
while Wg, the axial velocity at e that does sa tis fy  continuity  
is determined from
ZA.j Wg = Ag Wg + . . . .  + ag(pp “ Pg), (5.12)
where Pg is the true pressure at E:
?E ~ Pf '*■ P£ •
PÉ is termed the pressure correction at E. S im ila r ly ,  the 
ve loc ity  correction a t  e is
3 w  3 W
w; = "e -  "2  = âp ; pp + â p [  PÊ
'" ("P  '  (5 .13)
ZAY
in view of equation (5 .12 ).
Now on substituting velocities of the form w* + Wg where 
Wg is given by equation (5 .1 3 ), into equation (5 .1 1 ) ,  there results  
an equation fo r  the pressure correction pp which is identical in 
form to equation (5 .9 ) .  Consequently, the cj)-set is extended 
to include p ' . The east wall coeff ic ien t of the pressure correction 
equation is
p. a"
aD = ^ ,  (5.14)
while the source term is simply the error-mass source resulting  
from the unbalanced velocity f ie ld .  An objective of the i te ra t io n
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solution scheme, is to reduce this source to zero, to keep in store, 
the correct pressure and vertica l plane v e lo c it ies .
In order to prevent unwanted mass sources and hence incurable 
divergence of successive ite ra tes , special boundary conditions fo r  
the p' equation must be set. When the ve loc ity  normal to a 
boundary is specified, the normal gradient of p' must be zero. At 
a surface where the velocity  is f ixed , p' i t s e l f  is zero (31 ). Thus 
boundary conditions fo r p are not required, so this variable is  
stored only a t  nodes that do not in tersect boundaries.
5 .4  The Ite ra t io n  Scheme
The line  by line(LB L) im p lic it  method, involving traverses 
along each line in the mesh, and subsequent sweeps through the 
solution domain is recommended (63, 103). This procedure is 
normally much fas ter than point by point methods, especially  when 
there are many points in the grid.
^-values along a particu lar grid line  are solved fo r  
simultaneously, while those on the two adjacent lines are kept 
unchanged. Let the l in e  be oriented in the r -d ire c t io n . Then 
equation (5 .9 ) may be expressed as






4>i “ ■*■ ^1^1-1 + C j , i -  2 n-1 (5.15)
where n is the number of grid points along the l in e .
At each ite ra t io n  sweep, these equations are l in e a r .  Furthermore,
the differencing schemes outlined in Section 5.2 guarantee that 
A^, etc. are always positive. Consequently, convergence w i l l  be 
guaranteed i f  Sp is always negative, fo r then the s t a b i l i t y  require­
ments fo r l in e a r  equations are sa t is f ie d . This is a primary reason 
fo r  linearis ing  the source term. Divergence can resu lt  from changes 
in the coeffic ients from one ite ra t io n  to the next, however. Therefore,
underrelaxation is often employed to slow down such changes.
Equations (5.15) form a tri-diagonal set which are easily  
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I f  underrelaxation is employed, with parameter say, equation 
(5 .15) is replaced by
*1 *1 ,0  *  ®i'*’1-1 *  Dj -  * i , o ) ,  (5.18)
where 4>. « is the value of 4>. a t the previous i te ra t io n ,  and1 3 U I
with underrelaxation-, A^< 1 .
5.5 Application to an Agitated Vessel
Figure 5.2 shows schematically, the arrangement of scalar,  
w and u c e l ls .  Note the special treatment a t  boundaries other than l  
The cells  w ith in  Z are so arranged that the nearest normal 
v e lo c it ies  to this surface, are on i t .
The region in te r io r  to Z does not belong to the solution 
domain. To emphasize th is , a rb itra ry  f ie ld  values are maintained 
a t the nodes there. This is achieved by assigning superfic ia l  
sources to those nodes:
s 4 =  10^ °  X  4,,
S^'= -  lO^D.
(5.19)
In this way, impeller boundary conditions are easily  handled. They 
are set a t  the nearest to Z in te r io r  nodes, and in the case of the 
normal v e lo c ity ,  on Z i t s e l f .  In th is connection, such nodes are
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c erta in ly  part of the solution domain. But by way of the sources 
given by equations (5 .1 9 ) ,  values a t these nodes never change, 
and so constitute boundary conditions.
5.6 Programming
There are two basic ways of programming this . blem. When 
the present computational scheme was developed and used to calculate  
two-dimensional e l l i p t i c  flows, the TEACH program of Gosman and 
Ideriah (104) evolved. This approach solves for each 4> over the 
whole f i e ld ,  successively. I t  is s t i l l  a very widely used and 
powerful means of solution. But i t  has the disadvantage of requiring  
two-dimensional storage for the FDE c oe ff ic ien ts . A la te r  development, 
2/E/FIX (105), has one-dimensional storage for a l l  variables except 
the (j)'s ( i . e .  w, u, p ' ,  v, k, e) and p and Moreover, a l l  these
f ie ld s  are updated simultaneously as each line  in the f ie ld  is v is ite d .  
The la t t e r  approach was chosen in the present study to l im i t  storage, 
and to enhance the convergence rate .
A f u l l  l is t in g  of the code is given in Appendix 2. The 
degree of f l e x i b i l i t y  one has in choosing the order in which the 
equations are solved, the direction of sweep, and the frequency with 
which the coeffic ients  and sources may be calculated, should be noted. 
The la t t e r  is  especially relevant to flows which possess a parabolic  
character say, downstream of a separation point. The sudden enlargement 
pipe flow is typ ica l.  This is due to the fac t that fo r  parabolic 
flows, many line  traverses are appropriate as the f ie ld  is swept. For
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fu l ly  e l l i p t i c  flows however, a maximum of two such traverses suffices ,  
beyond that i t  is wasteful, and may a f fe c t  convergence. Figure 5.3  
d eta ils  a flow diagram of the computation process. F in a l ly ,  note that  
certa in  de ta ils  of the numerical scheme were omitted from this  
Chapter in the interests of brevity. The reader may trace them 
through the code of Appendix I I  i f  required.
5.7 Conclusion
In this chapter, transport equations governing the hydrodynamics 
of turbulent flows according to the k-e model, were cast into f in i t e  
difference form to allow numerical solution in the p-jj format. I t  is 
shown that they are very general, and can be applied to any problem 
whose governing equations have the form of equation (2 .4 3 ) .  The f i r s t  
assumption used in the derivation as fa r  as the diffusion terms are 
concerned, is  that adjacent 4> values are l in e a r ly  re la ted . This 
approximation improves with increase in grid point population.
Secondly, upwind differencing of the convective terms is assumed va lid .  
This assumption is always used in f lu id  dynamics calculations to pro­
cure s ta b i l i t y .  I t  means simply, that i f  a t P, w > 0 and r e la t iv e ly  
large, (pp w i l l  prevail also a t E.
The procedure for solving for pressure and the general 
solution method are developed. In th is  regard, a staggered grid  
where scalar quantit ies , w and u, are stored a t d i f fe re n t  locations, 
is known to be a necessary f i r s t  step in in i t ia l i z in g  the calculations.
F in a l ly ,  the extra care needed in applying the prediction  
procedure to a s t irred  vessel was noted. As an aside, the importance
- 88 “■
of satis fy ing continuity in the vertica l plane ve loc ity  f ie ld  at  
the impeller should be observed. When establishing these conditions 
in thé in i t ia l i z a t io n  routine of the code, a s l ig h t  correction  
to u at is necessary.




Turbulent flow predictions for the system studied by 
Gunkel and Weber (74) are presented in this Chapter. The vessel 
has a baffled cy lindrical surface, with f l a t  enclosing walls at  
the top and bottom. A ir  is agitated by a c e n tra lly  mounted disc 
turbine which rotates a t N = 950 rpm. The impeller diameter 
D = 0.228 m and b = D/5, Dj = 20, while H = Dj. The ratios shown 
in figure 3.1 follow from this data. Whence a = 0 .2 ,  g = 2, 
y = 4, and yq = 0 .5 .
This system was chosen for va lidation purposes because some 
pertinent data is available  (74), and i f  impeller shaft and s ta t ic  
pressure gradient e ffects  are ignored, there is exact symmetry 
across the impeller plane. I t  is recognized as the simplest system 
available  fo r  an assessment of the model. Notwithstanding this  
s im plif ica tion  however, the procedure and computer code is very 
general in that a treatment of systems with impellers positioned 
anywhere along the symmetry axis ( r  = 0 ) with or without a free  
surface, is  possible. Indeed, the option of setting zero normal 
gradient boundary conditions on z = 0 is not applied. An independent 
calculation of conditions on this plane is required.
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6.2 Computational Considerations
Of principal concern when implementing numerical procedures 
(as developed in Chapter 5) is th e ir  s ta b i l i t y .  Equation (5 .9 )  
reveals that in s ta b i l i ty  can resu lt from an incorrect or incomplete 
l in e a r iza t io n  of the source terms. Consequently, the source terms 
depicted in Table 4.1 are input to the computer code according to 
the formulae shown in Table 6 .1 . Experience has shown that these 
a lte rn a tiv e  though equivalent expressions fo r  the source terms, 
counteract numerical in s ta b i l i ty .  I t  should be noted that the 
centrifugal force may be written in fu l l  as pv^(l + (u° -  u^ )A y/v )/r .  
Here, u° denotes the old value of u while u*^  denotes the new value.
p
When convergence is achieved, this term reduces to pv / r  as required.
A rigorous derivation of this expression as a true l in eariza t io n
p
of pv / r  is given by Issa (106), though instead of the underrelaxation 
facto r Ay, his analysis reveals a d e f in ite  numerical constant as 
m u lt ip l ie r .
To further enhance s ta b i l i t y ,  a l l  variables were strongly 
underrelaxed, to slow down changes in the coeffic ien ts  from ite ra t io n  
to i te ra t io n .  The values given to each A  ^ are shown in BLOCK DATA 
of the computer code which is lis ted  in Appendix 2. Small values 
of the underrelaxation factor A^  have the secondary e f fe c t  of  
reducing convergence rates. For this reason more elaborate under­
relaxation schemes have been applied (107), where A  ^ i t s e l f  is 
updated during the ite ra t io n  process. In th is  way, an optimum 
convergence rate may be achieved. The present author found that  
approach to be unsuccessful in improving convergence, or indeed, 
inducing convergence. Johns (107) updated only A -, A^, and A^, and 
his code solves for the 4)'s over the f ie ld  successively, not
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simultaneously, as does the present one. Now the implementation 
of such a scheme is not straightforward. The (})'s fo r  which is 
updated must f i r s t  be decided upon. I t  may be to no avail i f  a l l  
the A^'s are updated together. Those which are updated could 
a ffe c t  the solution of other equations in a negative way, and the 
l im its  between which a  ^ is allowed to vary, must be established. 
Further testing and refinement of the present numerical arrangement 
is required however, for  the derivation of the most e f f ic ie n t  
algorithm.
A consideration of convergence rates and numerical s ta b i l i t y  
as promoted through the source terms, provided additional motivation 
fo r  choosing the model for Sg as defined by equation 4 .2 . I f  the 
term is absent a ltogether, the convergence ra te  is  very slow indeed. 
By including this term in S^, not only do more r e a l is t ic  swirl f ie ld s  
re s u lt ,  but the number of iterations required fo r  convergence reduces 
by up to 75%.
I f  the combination of convection and d iffus ion terms is  
incorrectly  differenced, numerical in s ta b i l i t y  is almost certa in .  
Consequently, upwind-differencing of these contributions was employed 
fo r  a l l  ca lculations. For the promotion of accuracy however, the 
extra refinement of hybrid differencing was adopted.
The convergence crite rion  used in a l l  calculations is quite  
standard. The difference between the r igh t and l e f t  hand sides 
of equations (5 .9 ) must be s u ff ic ie n t ly  small throughout the f ie ld  
i f  the prevailing  4^ f ie ld  is to be regarded as the solution of 
equation ( 4 .1 ) .  This is expressed by the re la tion
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'  ^'^P^=N,E^lil,S " ) i=N,E^wIs " Spl/RS^gf « 1  ( 6 . 1 )
a t each point P in the grid. RS^  is known as the residual source, 
and RS^^f denotes a reference value of th is  quantity . This condition 
is rather s t r i c t  however. So instead, RS^  is  summed over the 
whole f ie ld  fo r  each (p. When the largest net residual source fo r
a l l  (J)'s is less than a given tolerance, convergence is assumed to
éhave occurred. RS^^  ^ is a flow rate m ultip lied  by a measure of 
the value of (p. In this study, the flow rate is  that which crosses 
the impeller surfaces (or Z^). The representative values of  
p ' ,  w, and u are un ity , Uq and Uq respectively. The average 
dissipation rate for the system was employed as a measure o f e fo r  
th is purpose, and that quantity divided by N y ields a reference value 
fo r  k. I t  has been argued on the basis of past experience however, 
that only the p ' ,  w, and u residuals need be calculated. I f  the 
solution fo r  these variables converges, then the other variables  
follow s u i t  (107).
One factor which d ire c t ly  a ffects  convergence rates is the 
choice of grid . I f  accuracy is desired, a f ine  mesh of grid nodes 
must be employed. Unfortunately, the f in e r  the mesh, the greater 
is the number of ite ra tions  necessary fo r  convergence. In an attempt 
at establishing a balance between convergence rates and accuracy, 
the grid used was varied between a 36 x 20 and a 31 x 18 specification .  
For the l a t t e r ,  nine grid nodes in the axial d irection were located 
at regular in tervals  in each of the regions z > b and z < - b .  In the 
region -b < z < b, thirteen such nodes were s im ila r ly  s ituated.
This leads to a total of 31 grid nodes along the axial d irection . A 
to ta l of 18 grid nodes in the radial d irection were located at
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regularly  spaced in terva ls . Thus, k, e and v are stored at a to ta l  
of 31 X  18 = 558 grid nodes, p is stored a t  464 grid nodes, while w 
and u are stored at th e ir  respective ve locity  nodes, to ta l l in g  540 
and 527 respectively. Those nodes that are enclosed by E and are not 
included in the boundary conditions, are in active . In this respect 
there is  some wasted storage. That is considered unimportant however, 
in view of the fa c t  that organisation of computer coding is made 
easier. The code is not restricted to these grids. Provision is  
made fo r  the use of up to 1600 grid nodes. This leads to a computer 
storage requirement of up to 250 K in double precision, fo r  a 
machine that assigns eight bits to a word in single precision.
The numerical solution of a system of p a r t ia l  d i f fe re n t ia l  
equations should be independent of the chosen gr id . Tests made fo r  
turbulent flow through a pipe enlargement, reveal that the procedure 
s a t is f ie s  th is  requirement (105). For the present problem however, 
grid independence can only be expected when the grid node density 
is r e la t iv e ly  high. The u-boundary condition on E^ undergoes a 
correction fo r  the purposes of maintaining continuity over E. Thus, 
the solution for a 20 x 10 grid w i l l  d i f fe r  from that determined 
on a 31 X  18 g rid . As grid node density increases, differences  
between impeller surface (E^) values of u are reduced. A 31 x 18 
grid y ie lds Uq = 9.5 m/s, while the actual value is Uq = 9.64 m/s.
A d ifference of less than 1.5%. This error is accepted as being 
within the l im its  of experimental capab ility  from which the actual 
value o f Uq is  determined, and is therefore considered neg lig ib le .
A ll calculations were performed on an IBM 360/195 d ig ita l  
computer. For the chosen meshes, and when including - Sg/r in Sÿ,
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a computer processing (CP) time of about 6 minutes is required for  
solution. Of th is ,  44 seconds is allocated to compilation of the 
code using the 'H -level extended plus' FORTRAN compiler. This 
compiler optimizes the compiled code in such a way as to minimize 
execution times. Consequently, larger than normal compilation times 
are expected. A typical output is l is te d  in Appendix 3. This output 
should be referred to when mean flow and turbulence f ie ld  predictions  
are discussed.
6.3 The Model Predictions
I n i t i a l l y ,  several studies were made of the response 
of the flow to d if fe re n t  impeller turbulence boundary conditions.
There is  no data upon which to base such p ro fi les  a t  E, so re la t iv e ly  
a rb it ra ry  constant f ie ld s  are assigned there. They are in fa c t  of the 
same order as nearest to impeller values as predicted when k = c = 0 
on E is used. In th e ir  description, reference is  made to 
Fig. 3 .1 .
The f i r s t  model used k = 1 m^/s^, e = 10 m^/s^ a t  a l l  points 
of E except a t  X. Here, both k and e were set to zero. The second 
took k = 0 along E  ^ but otherwise the conditions were l e f t  unchanged 
except a t X, where k = 0 .5 , e  = 0.8 were assigned. F in a l ly ,
impeller turbulence was assumed to ex is t  only on E^, and the values
2 2 2 3k = l m / s  , e  = 1 0 m / s  were used fo r  that purpose. The predictions
obtained in each case were compared with those that follow by imposing
k = e = 0 on z.
The f i r s t  pair of options produced predictions of u (r ,0 )
that were in d irec t contrast to observation. Indeed, they reveal an
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immediate and rapid decrease of u ( r , 0 ) with r ,  as the wall is 
approached. This velocity  component is known to f i r s t  increase, 
then rapidly decrease to zero toward the wall from points a t least  
mid-way between the inpe ller  and wall ( 68 , 74). The results are 
shown in Figure 6 .1 . Note that only one curve is  shown to represent 
impeller turbulence e ffec ts , as the two d is t in c t  sets o f conditions 
imposed on E , y ie ld  nearly identical values o f u ( r ,0 ) .  These models 
produce values of in the impeller stream of a t  leas t an order 
of magnitude larger than those predicted by the zero impeller 
turbulence model. Consequently, the impeller stream flow as predicted  
by these impeller turbulence models, suffers an immediate loss 
of radial momentum due to turbulence diffusion in the axia l d irection  
that a l l  but annihilates the impeller stream flow. Thus a localised  
rec ircu la tion  eddy is  l e f t  above the im peller. They predict the 
onset of reverse radial flow immediately above E, but with k = e = 0 
set on that surface, such reverse flow is not predicted below values 
of z of a t  least 2b.
The th ird  model is .not expected to y ie ld  predictions that  
d i f fe r  s ig n if ic a n t ly  from those which resu lt  from the proposed model.
This is indeed the case. Predictions fo r  both formulations are 
indistinguishable. Such behaviour is expected because of convection 
out of the solution domain. Since turbulence on E  ^ in s ig n if ic a n t  
quantities is unlike ly  however, the same might be true of conditions 
on E^. On these grounds, the impeller turbulence boundary conditions 
stated in Chapter 4 are considered v a lid . S t r ic t ly  speaking,
9k/3z = 3£/9z = 0 may be more correct on E^.
Another point of in terest concerns the value of Cq^, the 
pressure-drag co e ff ic ie n t,  through which the action of baffles is simulated 
This was varied between 0 .0  and 2 .0 .
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When Cq  ^ = 0, not only does u ( r ,0 )  drop continuously 
with r ,  but the swirl velocity outside the impeller stream, increases 
exponentially in the axial direction up to 2uq at the nearest to 
surface grid node. This phenomenon has never been observed. In 
p a r t ic u la r ,  the maxima in the radial p ro fi les  of v measured by 
Nagata (10) appear to be almost independent of z. The reason fo r  
this prediction can be traced to the source terms in the v-equation, 
and to the nature of the model when a simulated ap/30 is 
absent. When Sg is omitted from the model, the resulting problem 
is i l l -p o s e d . Boundary fluxes are spec ified , ye t th e ir  cause is 
not. Reference to Table 6.1 provides more ins ight. The predicted 
axial growth in v is due to several in teracting  sources. Any 
positive contribution to Sp or S^  w i l l  cause a positive response 
in V .  Now i t  is certain that u becomes increasingly negative with 
z above a given z = constant plane. Uncontrolled growth in v must 
therefore be expected unless the term -puv /r is balanced by a 
term that acts as a negative source. This term is -  Sg/r, which 
is assumed to model b a ff le  influences correc tly . F in a l ly ,  the 
tendency fo r  the turbulence to become homogeneous as the recirculation  
zone is penetrated, leads to the formation of regions in which 
3Pg^^/3r decays with z. This w i l l  also cause v to increase with height. 
Consequently, i t  is argued that a positive value o f is essential 
i f  plausible predictions are to be obtained. This is not to say 
that any increase in v with z is u n re a lis t ic ,  but that values of 
order u q  a t  the nearest to surface grid node are. Predictions fo r  
various values o f Cq  ^ are shown in Figures 6 .2 ,  6.3  and 6 .4 .
I f  is raised to 0 .2 , the change in character of the 
predicted flow is quite dramatic fo r  such a small increase in the
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c o e ff ic ie n t .  More satisfactory impeller stream horizontal plane 
components of ve locity  resu lt .  Swirl however, s t i l l  a tta ins quite large  
values near the surface w all. At higher values of Cq^, the difference  
between the respective predictions reduces. Indeed, there is 
v ir tu a l ly  no change in u (r ,0 )  on increasing from unity to 2. The 
difference is noticeable for v ( r , 0 ) ,  but fo r  = 1 better  
predictions resu lt .  F in a lly , swirl levels over the axial dimensions 
of the system are in tu i t iv e ly ,  more r e a l is t ic .
Radial p ro files  of v a t z = 0.163 m are shown in Figure 6.5  
fo r  d i f fe re n t  values of These p ro fi les  are not very s im ilar
in shape to those measured by Nagata (10 ). His data reveals negative 
though almost neglig ib le  swirl a t r < D /2 ,  with a maximum positive  
value between r  = D/2 and the w a ll .  Now, the geometry o f Nagata's 
system is  the same as the one under investigation here, although 
the system dimensions do d i f fe r  s l ig h t ly .  I t  is important to note 
however, tha t the impeller speed used by him was only 73 rpm, as 
compared to 950 rpm employed for the predictions. The swirling  
flow in his ( 10) system should therefore, be comparatively weak.
I f  the maximum revealed in the radial v -p ro files  of Nagata is driven 
toward the wall with increasing impeller speeds, q u a lita t iv e  
agreement between the predictions of Figure 6.5 and his measurements 
is achieved fo r  r  > 0 /2 . At r < D/2 negative values of v are not 
predicted, but this could also be a consequence of the chosen 
impeller speed, and/or the assumption of axial symmetry.
A more conclusive study of swirl predictions would be possible 
by way of a three-dimensional procedure, or perhaps, by the exhaustive 
testing of various models for Sg. One p o s s ib il i ty  that was put to 
the tes t used Sg a ( ( D j - r ) / r )  That is ,  the 'b a f f le  source' reduces
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on approach to the symmetry axis. In tu i t iv e ly ,  this might 
be expected, but the resulting predictions are of doubtful v a l id i ty  
as shown in Figure 6 .5 . Swirl ve loc ities  are seen to increase 
markedly as r  = 0 is  approached, up to about Uq/ 2 .  Toward the 
w a ll ,  predictions from the two Sg models approach each other in 
magnitude. The modified Sg model does however, predict the 
r ig h t trend fo r  u ( r ,0 ) .  The magnitudes in that p ro f i le  d i f fe r  
only s l ig h t ly  from those predicted without the modification.
In view of the uncertainty attached to predicting s w ir l ,  
the extent to which v influences the other f ie ld s  needs to be 
considered. An investigation of this problem was undertaken 
by assuming that v = 0 throughout the solution domain. These 
calculations assume no impeller turbulence and were compared 
to th e ir  three-ve locity  counterparts for which = 1 .
Differences in predictions from the two models are not 
great; the two-velocity model underpredicts the radial and 
axial ve loc it ies  in certain places, while a t fewer locations, 
overpredicted f ie ld  values were observed. The u (r ,0 )  predictions  
in this case appear to be s l ig h t ly  be tte r (see Fig. 6 .1 ) .  Recall 
that ba ff les  are employed to reduce s w ir l ,  so an assumption that  
could be invoked as a f i r s t  approximation, is that they do this  
p erfec tly . An overall e f fe c t  however, and one that must be 
antic ipated , is that turbulence levels predicted in th is  way w i l l  
be lower than fo r  the three-velocity  case. The integrated  
dissipation rate is 12% lower in value when swirl is neglected.
This comment applies also to those calculations for which = 2.
The choice of appropriate model has narrowed down to one 
having zero impeller turbulence, and ~ 1. A somewhat better
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prediction of v in the impeller stream is obtained using = 1. Also, 
since the differences between this model and that having Cpy. = 2 are 
small (except perhaps for turbulence predictions) i t  was decided 
to discuss and present predictions fo r the model developed in 
Chapter 4 as follows.
(a) The Mean Flow
Figures 6.1 and 6.3 show predicted radial p ro files  of u 
and V on the impeller plane. They are compared with the experimental 
data of Gunkel and Weber (74). The predictions are in q u a lita t iv e  
agreement only, being up to 25% in error. The lack of agreement 
in predicted radia l velocity increases at near impeller r-va lues,  
then reduces, and f in a l ly ,  increases as the wall is approached.
Errors in swirl predictions however, decrease monotonically with 
increasing r .
These deficiencies may be traced back to the impeller boundary 
conditions. For instance, v is un like ly  to be independent of z 
on as shown by Cooper and Wolf ( 88 ) ,  nor could one expect such 
a condition to ex is t there. Furthermore, the impeller pumping 
number Nq fo r  this system, was determined by Gunkel and Weber. But 
that calculation from experimental data, derives from p ro f i le  
in tegrations , and is in fac t extrapolated back to E^, as the nearest
to im peller point considered by them (74) was located at r  = 0.124 m.
Now, one of the principal objectives of this study is to see how
well the flow can be predicted by employing the simplest possible
boundary conditions. However i t  is apparent that suitable adjustments 
to the ex is ting  boundary parameters, or the use of experimental 
data a t  E  ^ as inputs to the code, could lead to better predictions  
of these p ro f i le s .
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Figure 6.6  displays predicted axial p ro files  of u that 
extend through the impeller stream, up into the f lu id  bulk. Limited 
comparison of these predictions with experimental data, is afforded 
by forming an r-dependent pumping number. Figure 6.7 demonstrates 
that there is reasonable agreement with data.
On in tu it iv e  grounds, the predicted axia l p ro files  of 
w and v as shown in Figures 6 .8  and 6.9 respectively , together 
with the pro files  of Figure 6 . 6 , adequately portray the character 
of a swirling radial j e t  which impinges on a ve rt ica l w a ll .  The u 
and V p ro fi les  are in qu a lita t ive  agreement with the data of Kratky 
e t  al (7 3 ) ,  Rao and Brodkey (77), and Cooper and Wolf ( 88 ) .  Unlike 
the la t t e r  workers however, they reveal tha t u > v over much of 
the impeller stream. Quantitative comparisons are not possible 
here because of the d if fe re n t geometries involved.
Figure 6.10 depicts a set of axia l p ro fi les  of the resultant  
f lu id  ve loc ity  in the impeller stream. One of these is compared 
with experimental data (74). Those measurements however, do not 
include the axial component of ve loc ity . When th is  difference is  
accounted fo r  in the predictions, reasonable agreement is achieved, 
except near X (see Figure 3 .1 ) .  The discrepancy is in part due 
to the correction made to u on 1^, and to the errors discussed e a r l ie r  
in this section. The former is however, small compared to the 
discrepancy.
A fu rther point of importance concerns the axial position  
a t which u is neg lig ib le , re la tive  to the impeller plane and 
impeller periphery. This occurs at z -  0.09 m at the two nearest to
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Zy grid nodes. These locations correspond roughly to the radial 
bounds of the control volumes employed by Gunkel and Weber, fo r  
the estimation of pumping capacities. In both cases, they regard 
u as being neglig ib le  a t z = 0.037 m. By comparison, the predictions  
are reasonable, as they do not depend on the s e n s it iv ity  of measuring 
equipment. The impeller speed for the above estimate was not 
given in th e ir  paper (74). I f  however, i t  is assumed that this  
observation refers to conditions established when N = 400 rpm, 
higher points of zero u may be expected in the predictions presented 
here, as values of u on Zg must be larger.
Predictions of the radial p ro f i le  of w a t two axial locations 
are presented and compared with data in Figures 6.11 and 6.12. Some 
small discrepancies are expected as the chosen axial positions do 
not coincide exactly with those used in the experiments (74 ). The 
predicted p ro files  are only q u a lita t iv e ly  correct. Near the 
symmetry axis and over intermediate radial positions, serious 
differences of up to 100% are evident. I t  appears from data (1 0 ,7 4 ) ,  
that w ju s t  does not decrease monotonically from the symmetry axis 
to the w a ll ,  as predicted. There is a local maximum near the axis ,  
followed by a zone of re la t iv e ly  constant w.
The above differences are l ik e ly  to arise from one of 
or a combination of the following. Three-dimensional e ffects  exert  
an influence; the swirl f ie ld  does not in terac t s u ff ic ie n t ly  with 
the vert ica l plane flow; the w (and possibly turbulence) boundary 
conditions along Z^ j are inadequate. Concerning the l a t t e r ,  observe 
from Figures 6.11 and 6.12, that the difference between predicted 
and experimental axial velocities above Zj^  is a decreasing function
-  102 -
of z. On the other hand, note that a t  mid-vessel points a t  the 
higher location, the most serious o f a l l  discrepancies is evident.
At corresponding points at the lower position, there is essentia lly  
no difference between the data and predictions. I t  should be borne 
in mind too, that Gunkel and Weber's data exhibits some scatter.
In any event, fu rther refinement and testing of the two-dimensional 
model may determine the most in f lu e n t ia l  source of disagreement.
A vector p lo t of the predicted v e rt ica l plane ve locity  
f ie ld  is shown in Figure 6.12. The im peller stream is seen to be 
the most intense region of hydrodynamic a c t iv i ty  in the vessel.
The w a ll ,  axial and recirculation eddy flows are c learly  evident.
The eye o f the la t t e r  is shifted downwards toward the w a ll ,  and in 
this respect, re flec ts  the observations of Nagata (10 ). In this  
neighbourhood, the flow is very weak by comparison to the flow in 
other regions of the system.
Swirl contours are shown in Figure 6.14. They should be 
considered in connection with the p ro fi les  of Figures 6.4 and Figure 6.5  
A solid  body type behaviour is predicted fo r  r  increasing from the 
symmetry axis ,w ith  v decreasing monotonically a t  larger r ,  followed 
by a sharp increase toward the w a ll. This wall e f fe c t  results  
from the term -  which forms part of the positive swirl
source. Near a w a ll ,  y^^^ is a rapidly decreasing function of r .
(b) The Turbulence Fields
Figures 6.15 and 6.16 display predicted axial pro files  
of the turbulence k inetic  energy per un it mass and i ts  rate of 
dissipation, respectively. The exceptional inhomogeneity of the 
impeller stream has evidently been predicted. Moreover, the turbulence
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settles  into a comparatively homogeneous condition above the impeller 
stream, though departures can be seen in the contour plots of 
Figures 6.17 and 6.18. These f ie ld s  suffer strong normal gradients 
near walls . This is especially so o f the v e rt ica l wall which bounds 
an intense axial flow resulting from the impeller stream and wall 
in terac tion .
The change in character of the turbulence on leaving 
the impeller stream occurs almost discontinuously. Recall that 
th is possib lity  was not overlooked during the discussion of Cutters (68 ) 
experiments in section 3.3. This would seem to invalidate  Gunkel 
and Weber's claim that most turbulence energy is dissipated in 
the recircu lation  zones. To check th is ,  the mass integrated  
dissipation rate was computed. An impeller stream axial boundary 
may be defined at the nearest axial grid node to the im peller.
With this defining l im i t  for the rec ircu la tion  zone i t  was found 
tha t this region accounted for 55% of a l l  turbulence energy dissipation. 
A resu lt  which compromises the two extreme points of view advanced 
by Cutter ( 68 ) Gunkel and Weber (74 ).
Another near discontinuity in these turbulence variables  
occurs in regions local to the impeller plane. That is to be 
expected in view of impeller plane symmetry, leading to much reduced 
values of the turbulence generation term G.
Predicted radial profiles  of the turbulence in tens ity
11 7
I = k ' / | j j |  are shown in Figure 5.19 fo r the impeller stream. 
In ten s it ies  ranging from 1 - 60% are predicted. On z = 0, the 
range is reduced to 1 - 30%, where I increases rapidly on approach 
to the w all. At higher z, in tensity  predictions range from up 
to 45% near to 60% near the w a ll. Axial p ro fi les  as predicted
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by the model are shown in Figure 6 .20. Again the difference in 
nature o f the impeller stream and rec ircu la tion  zone turbulence 
is  revealed. A p ro f i le  mid-way between the impeller and wall 
actua lly  is discontinuous. At these values of r ,  \ u \  is very small 
outside the impeller stream.
These predictions d i f fe r  from those of Gunkel and 
Weber (74) in the sense that th e ir  measured near wall in ten s it ies  
on z = 0 range up to 65%, and up to 30% in the neighbourhood of 
Zy. Exact comparison is however, not possible in view of the 1 
difference in d e fin it io n  given to I in th e ir  study and the present one 
I t  is noteworthy that the predicted behaviour o f I is  s im ilar  to 
the measured vortex e f fe c t  corrected p ro files  (7 4 ). This is a 
consequence of symmetry over z = 0 and the zero turbulence assumption 
on Zy.
Predicted in tensity  contours are depicted in Figure 6 .21. 
They suggest that in tensities  of less than 40% are to be expected 
over most of the recirculation zone. As the rec ircu la tion  vortex 
eye, vert ica l w a ll ,  and impeller stream are approached however, 
in ten s it ies  of over 100% are to be found. This is due to low 
values of \ u \  combined with high values of k, and in some areas, 
due largely  to high local turbulence energies alone.
The f in a l turbulence variable to be considered in this  
Chapter, is the large eddy length scàle l .  Predicted d istributions  
of £ are given in Figures 6.22 and 6.23. They have much in 
common with other turbulence f ie ld  predictions presented thus 
fa r .  Length scale predictions in the impeller stream are an 
order of magnitude smaller than the impeller h a lf  width.
Outside this flow region, scales which are several times larger are
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predicted. Consequently reasonably high local values of e are 
expected in the impel 1er stream, while re la t iv e ly  small dissipation  
rates should ex is t in the recirculation zones.
6 .4 Conclusion
In this chapter, a means of applying the numerical procedure 
developed in Chapter 5 to predicting the turbulent flow in an 
agitated vessel was described. The model to which the method is  
applied is simple in the sense that the flow f ie ld  is assumed to 
be two-dimensional, and that conditions prescribed on Z are such as 
to severely l im i t  the number of parameters involved to two, namely,
Nq and Uq . The results of the prediction procedure are encouraging 
fo r  so simple a conception of the flow.
Predictions fo r both the mean flow and turbulence were 
presented fo r the system studied experimentally by Gunkel and 
Weber (74 ). The results of the investigation support widely held 
claims as to the nature o f the flow. An impeller stream centered 
on the impeller plane, enters a stagnation zone a t  the vertica l wall 
to force f lu id  into a recirculating pattern. These d is t in c t  
regions have turbulence properties th a t, l ike  the mean flows themselves, 
are quite d i f fe re n t .  The impeller stream turbulence is highly 
inhomogeneous, while re la t iv e ly  homogeneous turbulence prevails  
over much of the recirculation zones. Globally, the predictions
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suggest that the net rate of turbulence energy dissipation is equally  
divided between the impeller stream and bulk. In th is  respect, the 
predictions do not follow the experimental findings of e ith e r  
Cutter (68 ) ,  or Gunkel and Weber.
Some predictions were compared with experimental data.
In many respects, the predictions lack a quantita tive  appeal. 
Disagreements between them and experimental data are the resu lt  of 
approximations in modelling and perhaps also of experimental e rro r.  
Substantial improvements in modelling, experimental technique, and 
quantity of experimental data, may resolve some of these differences  
and allow a wider range of prediction-experimental data comparisons.
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CHAPTER 7
RECOMMENDATIONS AND SUGGESTIONS 
FOR FURTHER WORK
7.1 Modelling
The success or fa i lu re  of a model in allowing the quantita tive  
prediction of a process is very dependent on the realism b u i l t  into  
i t .  I t  is here that the main deffic iencies of the present study 
are evident.
Of primary concern is the assumption of two-dimensional 
flow. This is not re a l ly  v a lid , but i t  does y ie ld  a very large 
computational saving. The resulting solutions are p lausib le , but 
remain incomplete un til the horizontal plane flow is properly predicted 
using a three-dimensional procedure. This renders the independent 
modelling of tangential flow source terms, ir re le v a n t ,  and is l ik e ly  
to y ie ld  better predictions generally, especia lly  o f the turbulence 
and tangential velocity  f ie ld s . Better turbulence predictions should 
arise from the inclusion of 0-gradients in ve loc ity  in the generation 
term, G. The calculations of Chapter 6 indicate that of the tota l  
input energy, only 15.6% is dissipated by turbulence, this may 
increase i f  these gradients contribute to G.
The question of whether to pursue the present course in 
predicting this flow is very much a question of how much deta il  
designers of this equipment, require, and whether they consider the 
predictions s u ff ic ie n t ly  re l ia b le ,  and indeed general. For instance, 
i f  suitable b a ff le  dimensions are to be determined, a three- 
dimensional calculation is appropriate.
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No matter how well the process is modelled in te rn a lly  
however, the r e l i a b i l i t y  of prediction is to ta l ly  dependent on 
whether the correct boundary conditions are specified. In this  
work, they are approximated by simple functions a t  Z, the main 
end in mind being, to develop a means of prediction.
Turbulence modelling is another area fo r  concern. The 
model used in th is  thesis is the best o f those currently  available  
that can be used with re la t iv e  ease and economy. Inadequacies in 
l ink ing the mean flow and turbulence equations are known to e x is t  
in several important respects however. Improvements here are l ik e ly  
to take some time to appear, in view of present computational 
l im ita t io n s . A flow as complex as that produced in an agitated  
vessel makes the task of using more advanced turbulence models fo r  
i t s  prediction, p roh ib itive.
7.2 Experimentation
Much of what is lacking in the model is due to an absence 
o f re l ia b le  experimental data. This is most severe in the 
neighbourhood of Z. A detailed set o f measurements there would 
be invaluable in establishing more r e a l is t ic  boundary conditions.
Of equal importance, is model evaluation. This is only possible 
i f  data which is well distributed throughout the system for a range 
of variab les , is available fo r  comparison with predictions.
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7.3 Suggestions for Further Work
The results of solving the equations fo r  a two-dimensional 
formulation are encouraging. Several improvements and extensions 
can and should be made before reasonable confidence in the model 
is established. They are lis ted  below.
( i )  Obtain closer agreement with experimental data by modelling 
the 'b a f f le  source' Sg in d i f fe re n t  ways, not necessarily  
through a drag-1 aw approach.
( i i )  Investigate more fu l ly ,  the e f fe c t  a range of boundary
conditions at Z has on the predictions. Typ ica lly , l e t  
V on Zy vary with z in a fashion that is dictated by 
experimental data. Consider a lso, whether the stream 
function used to f ix  w and u on Z is s u f f ic ie n t ly  well 
determined by equation (4 .1 7 ) .  F in a l ly ,  closer attention  
should be paid to the specification of k and e on Z. 
C learly , they cannot be zero; though the results of 
Chapter 6 suggest that as a f i r s t  approximation, these 
conditions serve quite w ell. The predicted impeller  
stream strength is controlled by impeller turbulence.
( i i i )  Wider comparisons with data should be made by varying
system parameters. A s ta r t  in th is  d irection would 
study the influence of impeller speed, N. Later 
studies could concentrate on the e f fe c t  of varying 
geometric parameters. This w i l l  necessitate a closer 
look at boundary conditions, especia lly  i f  Yq is changed,
( iv ) .  With the interests of the user in mind, the f in a l  code
should be made general enough to cope with a whole range
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of boundary conditions resulting from appropriate 
parametric inputs to the code. At present the code is 
quite general, but i t  could be made more e f f ic ie n t  
with wider application.
(v) Developments preceding in p a ra lle l with the above could
include the prediction of heat and mass tran s fe r , continous 
flow, and certain multiphase phenomena. Complications 
such as these should not be introduced u n ti l  there is  
s u f f ic ie n t  confidence in the hydrodynamic prediction procedure 
F in a l ly ,  continuous and multiphase operation of th is  system 
cannot be very general in a two-dimensional model. Inputs 
would have to be symmetric. Thus the construction of 
a three-dimensional procedure as an extension of the present 
one, could also be undertaken. That would be invaluable  
fo r  a f u l le r  assessment of the two-dimensional model.
(v i )  A ll of the above depend on there being much experimental
data availab le . Consequently, an experimental program 
which seeks to determine point values of variables of  
in te res t to prediction procedures, would begin.
- m  -
REFERENCES
(1) Holland, F .A.; 1973. "Fluid Flow fo r  Chemical Engineers".
Edward Arnold, England.
(2) Hinze, J .O .; 1975 "Turbulence". McGraw-Hill, New York.
(3) Hinze, J .O .; 1955. "Fundamentals o f the Hydrodynamic
Mechanism of S p lit t in g  in Dispersion Processes". AIChE J1,
1 ,  289.
(4) Sevik, M. and Park, S.H.; 1973. "The S p lit t in g  of Drops and 
Bubbles by Turbulent Fluid Flow". J. Fluids Eng., Trans 
ASME, 95, 53.
(5) Tennekes, H. and Lumley, J .L . ;  1972. "A F irs t  Course in
Turbulence" M .I .T .  Press.
(6 ) Raudkivi, A.J. and Callander, R.A.; 1975. "Advanced Fluid Mechanics"
Edward Arnold.
(7) Gates, I .E .  and Henley, T .L .;  1975. "How to Select the Optimum 
Turbine". Chemical Engineering, December.
( 8 ) Sweeney, E .T .;  1978. "An Introduction and L iterature  Guide
to Mixing". BHRA Fluid Engineering Series, Vol. 5, BHRA 
Cranfie ld , England.
(9) Penny, R.W.; 1971. "Recent Trends in Mixing Equipment".
Chemical Engineering, March.
(10) Nagata, S .; 1975. "Mixing: Principles and Applications"
Halstead Press.
(11) Rieger, F . ; D i t l ,  P. and Novak, V .;  1979. "Vortex Depth in
Mixed Unbaffled Vessels". Chem. Eng. S c i. ,  397.
(12) Rushton, J .H .;  1952. "Applications of Fluid Mechanics and
Similitude to Scale-Up Problems". Part 1. Chem. Eng. Prog.
48, 33.
-  112 -
(13) Rushton, J .H .,  Costich, E.W. and Everett, H .J .;  1950.
"Power Characteristics of Mixing Impellers". Chem. Eng. Prog.
395; 467.
(14) Rushton, J.H. and Oldshue, J .Y .;  1953. "Mixing -  Present Theory
and Practice". Chem. Eng. Prog. 161; 267.
(15) Dickey, D.S. and Fenic, J .C .; 1976. "Dimensional Analysis 
fo r  Fluid Agitation Systems". Chemical Engineering, January.
(16) L a ity , D.S. and Treybal, R.E.; 1957. "Dynamics of Liquid Agitation
in the Absence of an Air-L iquid In terface" . AIChE J1. 3 ,  176.
(17) Weinstein, B. and Treybal, R.E.; 1973. "Liquid-Liquid
Contacting in Unbaffled Agitated Vessels". AIChE J1. ]9_» 304.
(18) Bowers, R.H.; 1965. "An Investigation of Flow Phenomena in
S tirred  Liquids". AIChE -  I .  Chem.E. Symposium Series Number 10, 
London.
(19) Nagata, S . ,  Nishikawa, M., Inoue, A. and Okamoto, Y . ; 1975.
"Turbulence in Non-Baffled Mixing Vessel". J. Chem. Eng. Japan,
8 , 243.
(20) Ambegaonkar, A .S ., Dhruv, A.S. and Tavlarides, L .L .;  1977. 
"F lu id -P art ic le  Hydrodynamics in Agitated Vessels". Can. J. Chem. 
Eng. 414.
(21) De-Souza, A. and Pike, R.W.; 1972. "Fluid Dynamics and Flow 
Patterns in S tirred  Tanks with a Turbine Im peller".
Can. J. Chem. Eng., 15.
(22) Patterson, O.K.; 1974. "Simulation and Scale-Up of Turbine
and Propeller Agitated Vessels". F i rs t  European Conference on 
Mixing, Cambridge, England.
-  113
(23} Launder, B.E. and Spalding, D.B.; 1972. "Lectures in
Mathematical Models of Turbulence". Academic Press.
(24) Johnson, D.N. and Hubbard, D.W.; 1974. "Mixing by Impeller
Agitation in Continuous Flow Systems Containing Polysacchoride 
Solutions". Biotech and Bioeng. T6 , 1283.
(25) Rodi, W.; 1975 In "Studies in Convection", Ed. B.E. Launder, 
Academic Press.
(26) Coulaloglou, C.A. and Tavlarides, L .L .;  1977. "Description of
In teraction Processes in Agitated Liquid-Liquid Dispersions".
Chem. Eng. S c i . ,  1289.
(27) Simpson, L .L .;  1975. "Industrial Turbulent Mixing". In "Turbulence 
in Mixing Operations", Ed. R.S. Brodkey. Academic Press.
(28) Dickey, D.S. and Hicks, R.W.; 1976. "Fundamentalsof Agitation".
Chemical Engineer, February.
(29) Rushton, J .H .;  1951. "The Use of P i lo t  Plant Mixing Data".
Chem. Eng. Prog., 485.
(30) Oldshue, J .Y . ;  1966. "Fluid Mixing, Heat Transfer and
Scale-Up". Chem. and Proc. Eng. 183.
(31) Patankar, S .V .; 1975. "Numerical Prediction of Three-Dimensional 
Flows". In "Studies in Convection". Ed. B.E. Launder,
Academic Press.
(32) Townsend, A .A.; 1976. "The Structure o f Turbulent Shear Flow". 
Cambridge University Press.
(33) Daly, B.J. and Harlow, F.H.; 1970. "Transport Equations in
Turbulence". Phys. Fluids 2634.
(34) T r it to n , D .J .;  1977. "Physical Fluid Dynamics". Van Nostrand
Reinhold Company.
-  114
(35) Harlow, F.H. and Nakayama, P . I . ;  1968. "Transport o f Turbulence 
Energy Decay Rate". Los Alamos S c ie n t i f ic  Lab. Rpt. LA-3854, 
UCLA,New Mexico, U.S.A.
(36) Chou, P .Y .; 1945. "On Velocity Correlations and the Solutions 
o f the Equations of Turbulent Fluctuation". Quart J. App.
Math. 3, 38.
(37) Rotta, J .C .;  1951. "Statistsche Theorie Nichthomogener Turbulenz" 
Z ie ts c h r i f t  Fur Physik 547.
(38) Ferziger, J .H .;  1977. "Large Eddy Numerical Simulations of 
Turbulent Flows". AIAA J. T5, 1261.
(39) H an ja lic , K. and Launder, B .E.; 1972. "A Reynolds Stress Model 
o f Turbulence and i ts  Application to Thin Shear Flows" J. Fluid  
Me ch. 609.
(40) Launder, B .E ., Reece, G.O. and Rodi, W.; 1975. "Progress in
the Development of a Reynolds-Stress Turbulence Closure"
J. Fluid Mech. 537.
(41) M ello r, G.L. and Herring, H .J .;  1973. "A Survey of Mean Turbulent 
Field  Closure Models". AIAA J. JJ_, 590.
(42) Launder, B.E. and Morse, A.; 1977. "Numerical Prediction of  
Axisymmetric Free Shear Flows with a Reynolds Stress Closure". 
F irs t  International Symposium on Turbulent Shear Flows.
Penn State Univ., U.S.A.
(43) Rodi, W. ; 1970. "Basic Equations for Turbulent Flow in
Cartesian and Cylindrical Co-ordinates". Imperial Collge,
London, Mech. Eng. Dept. Rpt. HTS/70/4.
(44) Spalding, D.B.; 1971. "Concentration Fluctuations in a Round, 
Turbulent, Free J e t" . Chem. Eng. S c i . ,  26, 95.
- 115 -
(45) Pope, S.B .; 1975. "A More General E ffective  -  Viscosity Hypothesis" 
J. F luid . Mech. 72, 331.
(46) Launder, B.E. and Spalding, D.B.; 1974. "The Numerical Computation 
of Turbulent Flows". Comp. Meth. App. Mech. and Eng. 3 ,  269.
(47) L i l le y ,  D.G. and Chigier, N.A.; 1971. "Non-Isotropic Exchange
Coefficients in Turbulent Swirling Flames from Mean Value 
D istributions". Combustion and Flame, 177.
(48) Tennekore, K.N. and Steward, F .R .; 1978. "Comparison of Several
Turbulence Models for Predicting Flow Patterns within Confined
Jets". Can. J. Chem. Eng. 673.
(49) Gosman, A .D ., K h a li l ,  E.E. and Whitelaw, J .H .;  1979. "The 
Calculation of Two-Dimensional Turbulent Recirculating Flows".
F i rs t  International Symposium on Turbulent Shear Flows.
Ed. F. Durst e t  a l ,  Springer-Verlag.
(50) Gosman, A .D ., Lockwood, F.C. and Loughhead, J .N .;  1976.
"Prediction of Recirculating, Swirling , Turbulent Flow in 
Rotating Disc Systems". J. Mech. Eng. Sci. J 8 , 142.
(51) Durst, F. and Rastogi, A.K.; 1977. "Theoretical and Experimental 
Investigations of Turbulent Flows with Separation". F irs t  
In ternational Symposium on Turbulent Shear Flows. Penn State 
Univ. U.S.A.
(52) K h a li l ,  E .E .; 1978. "Numerical Computations of Turbulent 
Swirling Flames in Axisymmetric Combustors". Paper in"FTow,
Mixing and Heat Transfer in Furnaces". Ed. K.H. K h a li l ,
Pergamon Press.
(53) Markatos, N.C.G. and Moult, A . ; 1979. "The Computation of
Steady and Unsteady, Turbulent, Chemically Reacting Flows in
Axi-Symmetrical Domains". Trans. T. Chem. E . , 57, 156.
-  116 -
(54) Pratap, V.S. and Spalding, D.B.; 1975. "Numerical Computations 
of the Flow in Curved Ducts". The Aero Q u a r t 219.
(55) Majumdar, A .K ., Pratap, V.S. and Spalding, D.B.; 1977. "Numerical 
Computation of Flow in Rotating Ducts". J. Fluids Eng. Trans 
ASME March issue, 148.
(56) Rastogi, A.K. and Rodi. W.; 1978. "Calculation o f General 
Three-Dimensional Turbulent Boundary Layers". AIAA J. T6 , 151.
(57) Pai, B .R., M ichelfelder, S. and Spalding, D.B.; 1978. "Prediction  
of Furnace Heat Transfer with a Three-Dimensional Mathematical 
Model". In t .  J. Heat and Mass Transfer, 571.
(58) Pollard, A. and Spalding, D.B.; 1977. "The Prediction of the 
Three-Dimensional Turbulent Flow Field  in a Flow-Splitting Tee- 
Junction". Imperial College, London, Mech. Eng. Dept. Rpt. 
HTS/77/15.
(59) Gosman, A.D. and Johns, R.J.R .; 1978. "Development of a Predictive  
Tool for In-Cylinder Gas Motion in Engines". S.A.E. Paper
No. 780315, D etro it ,  U.S.A.
(60) Gosman, A .D ., Johns, R .J .R ., T ip le r ,  W. and Watkins, A .P .; 1979. 
"Computer Simulation of In-Cylinder Flow, Heat Transfer and 
Combustion: A Progress Report". 13th CIMAC Conference, Vienna.
(61) Morse, A .P ., Whitelaw, J.H. and Yianneskis, M. ; 1979. "Turbulent 
Flow Measurements by Laser-Doppler Anemometry in Motored 
Piston-Cylinder Assemblies". J. Fluids Eng. ASME Paper 79-WA/FE-l, 
New York.
(62) Ahmadi-Befrui, B . , Gosman, A.D., Lockwood, F.C. and Watkins, A .P .;  
1980. "Multidimensional Modelling of Turbulent Combustion in an 
Axisymmetric Homogeneous-Charge Engine - A Progress Report".
SAE Congress, Detroit,U .S.A. Feb. 25th.
-  1 1 7 “
(63) Spalding, D.B.;1976. "Basic Equations of Fluid Mechanics,
and Heat and Mass Transfer, and Proceedings for th e ir  Solution". 
Imperial College, London, Mech. Eng. Dept. Rpt. HTS/76/6.
(64) Schlichting, H .; 1968. "Boundary-Layer Theory". McGraw-Hill,
Book Co.
(65) Patankar, S.V. and Spalding, D.B.; 1972. "A Calculation Procedure 
fo r  Heat, Mass and Momentum Transfer in Three-Dimensional Parabolic 
Flows". In t .  J. Heat and Mass Transfer, j_5, 1787.
( 66 ) Launder, B .E.; 1978. "Heat and Mass Transport". Paper in 
"Turbulence", Ed. P. Bradshaw; Topics in Applied Physics Vol 12, 
Springer-Verlag.
(67) Jones, W.P. and Launder, B.E.; 1972. "The Prediction of LaminariZation 
with a Two-Equation Model of Turbulence". In t .  J. Heat and
Mass Transfer, J5., 301.
( 68 ) Cutter, L .A.; 1966. "Flow and Turbulence in a S tirred  Tank".
AIChE J l .  22, 35.
(69) Fort, I . ,  Placek, J . ,  Kratky, J . ,  Durdil, J. and Drbohlav, J . ;
1974. "Turbulent Characteristics of the Velocity Field in a 
System with Turbine Impeller and Radial B affles" . Czech. Chem.
Commun. 39, 1810.
(70) I to . S . ,  Ogawa, K. and Yoshida, N . ; 1975. "Turbulence in Impeller 
Stream in a S tirred Vessel". J. Chem. Eng. Japan 8 , 206.
(71) Van Der Molen, K. and Van Maanen, H.R.E.; 1978. "Laser-Doppler 
Measurements of the Turbulent Flow in S tirred  Vessels to 
Establish Scaling Rules". Chem. Eng. Sci. 33, 1161.
(72) Fort, I . ,  Drbohlov, J . ,  Kratky, J . ,  Grospicova, M. and 
Krouzilova, Z . ; 1972. Studies in Mixing XXXI. "Pumping Capacity 
of a Turbine Mixer". Czech. Chem. Commun. 37, 222.
- 118 -
(73) Kratky, 0 . ,  Fort, I .  and Drbohlav, J . ; 1974. "The Discharge 
Liquid Flow from the Turbine Im peller". Czech. Chem. Commun.
39, 3238.
(74) Günkel, A.A. and Weber, M.E.; 1975. "Flow Phenomena in S tirred  
Tanks". AIChE J l .  21_, 931.
(75) Sachs, J.P. and Rushton, J .H .;  1954. "Discharge Flow from Turbine 
Type Mixing Impellers". Chem. Eng. Prog. 597.
(76) Reed, X .B ., Princz, M. and Hartland, S .; 1977. "Laser-Doppler 
Measurements of Turbulence in a Standard S tirred  Tank". Second 
European Conference on Mixing, Cambridge, England.
(77) Rao, M. and Brodkey, R.S.; 1972. "Continuous Flow Stirred  Tank 
Turbulence Parameters in the Impeller Stream". Chem. Eng. Sci.
27, 137.
(78) Aiba; S .; 1958. "Flow Patterns of Liquids in Agitated Vessels".
AIChE J l .  4, 485.
(79) Kim, W.H. and Manning, F .S .; 1964. "Turbulence Energy and 
In tensity  Spectra in a Baffled S tirred  Vessel". AIChE. J l .
10, 747.
(80) Mujumdar, A .S .; Huang, B . , Wolf, D . , Weber, M.E. and Douglas, W.J.M.; 
1970. "Turbulence Parameters in a S tirred  Tank". Can. J. Chem.
Eng. 48, 475.
(81) Schwartzberg, H.G. and Treybal, R .E.; 1968. "Fluid and P artic le  
Motion in Turbulent Stirred Tanks". I and E.C. Fund _7> 1 «
(82) Corrsin, S .; 1957. "Simple Theory o f an Idealised Turbulent 
Mixer". AIChE. J l .  3, 329.
(83) Brian, P .L .T . ,  Hales, H.B. and Sherwood, T .K .; 1969. "Transport 
of Heat and Mass Between Liquids and Spherical Partic les in an 
Agitated Tank". AIChE. J l . 15, 727.
-  119 -
(84) Keey, R.B.; 1967. "Interpreting Mixing with Isotropic Turbulence 
Theory". Brit.Chem. Eng. 22s 341.
(85) Komasawa, I . ,  Kuboi, R. and Otake, T . ;  1974. "Fluid and P artic le
Motion in a Turbulent Dispersion -  I " .  Chem. Eng. Sci. 29, 641.
( 86) Nishikawa, M ., Okamoto, Y . , Hashimoto, K. and Nagata, S; 1976. 
"Turbulence Energy Spectra in Baffled Mixing Vessels". J. Chem. 
Eng. Japan 2» 489.
(87) Van 'tR ie t, K ., B ru ijn , W. and Smith, J .M .; 1976. "Real and 
Pseudo-Turbulence in the Discharge Stream from a Rushton 
Turbine". Chem. Eng. Sci. 21» 407.
( 88 ) Cooper, R.6 . and Wolf, D.*, 1968. "Velocity Profiles  and Pumping 
Capacities fo r Turbine Type Impellers". Can. J. Chem. Eng.
46, 94.
(89) Cooper, R.G. and Wolf, D . ; 1967. "Pumping Capacities in S tirred
Tanks Theory and Application". Can. J. Chem. Eng. 45, 197.
(90) Holmes, D.B., Voncken, R.M. and Dekker, J .A .;  1964. "Fluid Flow 
in Turbine-Stirred Baffled Tanks - I C irculation Time"
Chem. Eng. Sci. 22$ 201.
(91) Hiroaka, S .,  Yamada, I .  and Mizoguchi, K .; 1978. "Numerical 
Analysis of Flow Behaviour of Highly Viscous Fluid in Agitated  
Vessel". J. Chem. Eng. Japan, J2» 487.
(92) Brauer, H . , Schmidt-Traub, H. and Th ie le , H . ; 1978. "Fluid  
Dynamic Investigations of a Cascaded Mixer Fermenter". In t .
J. Chem. Eng. 28 , 549.
(93) Schultz, D. and Shah, V .L .; 1979. "Numerical Solution of Laminar 
Recirculating Flow Between Shrouded Rotating Discs". Computers 
and Fluids, 7, 137.
-  120 -
(94) Ramshaw, C.; 1974. "Secondary Nucléation in Mechanically 
Agitated C ry s ta l l isers: Crystal Motion in the Impeller Region". 
The Chemical Engineer. July-August issue.
(95) Fort, I . ,  Ludvik, M. and C ip , ,J . ; 1974. "The Velocity Field
in a Vessel with Rotating Cylinder Equipped with Radial Baffles"  
Czech. Chem. Commun. 39, 171.
(96) Roache, P .J .;  1972. "Computational Fluid Dynamics". Hermosa 
Press, Albuquerque, New Mexico.
(97) Gosman, A .D ., Pun, W.M., Runchal, A .K ., Spalding, D.B. and 
Wolfshtein, M .; 1969. "Heat and Mass Transfer in Recirculating  
Flows". Academic Press.
(98) Pope, S.B .; 1978. "The Calculation of Turbulent Recirculating  
Flows in General Orthogonal Co-Ordinates". J. Comp. Phys.
26, 197.
(99) Gosman, A.D. and Johns, R .J.R .; 1979. "A Simple Method fo r  
Generating Curvilinear-Orthogonal Grids fo r  Numerical Fluid  
Mechanics Calculations". Imperial College, London, Mech. Eng. 
Dept. Rpt. FS/79/23.
(100) Harlow, F.H. and Welch, J .E .;  1965. "Numerical Calculation of 
Time-Dependent Viscous Incompressible Flow o f Fluid with
Free Surface". Phys. Fluids 8 , 2182.
(101) Runchal, A.K.; 1972. "Convergence and Accuracy of Three F in ite
Difference Schemes for a Two-Dimensional Conduction and 
Convection Problem". In t .  J. Num. Meth. Eng. 4, 541.
(102) Spalding, D.B.; 1972. "A Novel F in ite  Difference Formulation
for D if fe re n t ia l  Expressions Involving Both F i rs t  and Second 
Derivatives". In t .  J. Num. Meth. Eng. 4 , 551.
-  121 -
(103) L i l le y ,  D.G.; 1974. "Numerical Solution o f Turbulent Swirling  
Flows". I.M.A. Procedings, UMIST, September.
(104) Gosman, A.D. and Ideriah , F .J .K .;  1976. "A General Computer 
Program fo r  Two-Dimensional, Turbulent, Recirculating Flows". 
Fluids Section, Mech. Eng. Dept., Imperial College, London, 
In ternal Report.
(105) Pun, W.M. and Spalding, D.B.; 1976. "A General Computer Program 
fo r Two-Dimensional E l l ip t ic  Flows". Imperial College, London, 
Mech. Eng. Dept. Rpt. HTS/76/2.
(106) Issa, R . I . ;  1980. Private Communication.
(107) Johns, R .J .R .; 1980. Ph.D. Thesis, University of London.
-  122 -
APPENDIX I
MODELLING OF THE MEAN FLOW GENERATION 
TERM OF EQUATION (2 .18)
The most general linear expression for
aul au'.
V in terms of the T . .  is
aui  au!
âlÇ 3)^ " ^l^ij^mn ^2‘^ im j^n ^3 i^n" j^m
^4'^jVin ^5‘^ jn^‘m V m n ^ ij*  (^1.1)
A f i r s t  contraction of ( A l . l )  gives 
au l  au:
+  C g  +  +  C g ) T ^ ^  +  % J . . .  ( A T . 2)
while fo r  a second, one has
a u :  8u ' .
= ( ^ 2  +  2 3  +  0 ^  +  0 5  +  30g ) T ^ . j  +  O y S ^ j T ^ ^  ( A T . 3)
The coeffic ients  of the T .^j in equation ( A l . l )  are functions o f the 
other dependent variables, and a contraction of e ith e r  (A1.2) or 
(A1.3) leads to ^
3C^  + Cg + C3 + C4 + C3 + 3Cg = e/2pk, (A1.4)
in view of equations (2.10) and (2 .14 ).
Now, i f  each is assumed to be proportional
to e/pk as suggested by equation (A1.4), empirical constants C and
1
C can be introduced into equations (A1.2) and (A 1 .3 ), in such a 
^1
way that the mean flow generation model fo r e becomes




9u‘ 9u‘ 9ut 9u‘.
 [1 [i  ^  L  J_
9Xj 9x^  9x^ 9x^
9u^
Ix T e-j 1j
T. . + C pk 6.
i j
= Ce-j Ic. G.
- 124 -
APPENDIX I I  
LISTING OF THE COMPUTER CODE
Structure













Calculates grid parameters, parameters MAIN
fo r storage in F -array , and indices 
fo r  locating reference pressure point 
and monitoring location .
Calculates grid geometry. MAIN
Sets fixed value boundary conditions, MAIN
in it ia l iz e s  fie ld s  and calculates  
/pedv.
Corrects u, w, p due to guessed p f ie ld .
Calculates co effic ien ts  a t  c e ll walls  
and the error mass source.
Calculates a t c e ll walls fo r  
evaluating Dg e tc .
Evaluates the sources in Table 6 .1 , 
and de-activates the nodes enclosed 
by Z.
Solves fo r 0 along a constant z - lin e  MAIN
using TDMA.
Updates gradient boundary conditions, MAIN
calculates a t each w a ll, and modifies 
source terms to apply boundary conditions.
Outputs dependent variab le  values a t OUTPUT
in terva ls  set by the user.
Outputs a ll relevant inform ation. MAIN






-  1 2 5  -
ÜLibi iStÜScp)




V  FLO PA R/U 0, Z U, VO, R lî^ P, HAW ID, GAMM AB,
2R E, PUM PN 0, POWNO, ROT, BB, DD, DT, H, QA DVO L, ALPHA, BETA, GAMMA 
2/GRIDR/DRG(40),RDRG(40),RU(40),DRU(40),RDRU(nO),FUNODE(40). 




5/SOLPRO/AE(40),AN(40),AP(40),AS(40),AW(40),C(4 0 ) ,D(40), ' 
6DIFE(40),DIFN(40),DWW(40),DIFW(40),DW(4 0 ) ,DU(40),
7EMUEC40),EMUN(40),EMUW(40).WSTAR(4 0 ) ,USTAR(40),






I I PREF, IZP1, IZMON, IZPREF, IRMON,
4N1,N2,N1M1,N2P1,N1P1,N2M1,
5IRPREF. JEMÜ, JV, JLAST, JP, JPP, JW, JU, JUP1, KINIT, LABPHI,
6LSWEEP, NSOLVE, NTRAV, NKI, JTKE, JTED,
7NTDMA,NUMCOL,NZ, NZMAX,NZM1, NZM2, 
8NZRG,NZRP,NZRW,NZRU,NR,NRMAX,NRM1,NRM2









1/TURB/C1,0 2 ,CD,SQRTCD,CD25,ECONST,CTAUW, CRPW, TAUW(40),
2GENK(40),RPUSW(40),ZPUSBW(40),ZPUSTW(40),CAPPA






EQUIVALENCE (DIFS(2) ,DIFN(1 )) ,(EMUS(2) ,EMUN(1 ))
EQUIVALENCE (AREAE,AREAW)
EQUIVALENCE (F(1 ) ,W(1 ))
DIMENSION A(40),B(40)
















G QUANTITIES RELATED TO GRID SPEC










































C FIX W NODES ON HORIZONTAL IMPELLER SURFACES
DO 190 IZzI.NZ 
1=0
IF (Z (IZ ).L T .O .) XYz-HAWID
IF (Z (IZ ).G T .O .) XYzHAWID
IFCZ(IZ) .LT.XY.AND.ZCIZ+D.GT.XY) 1=1 + 1






C FIX U NODES ON IMPELLER PERIPHERY
DO 191 IRzI.NR 
1=0
IF(R(IR).LT.RIMP.AND.R(IR+1) .GT.RIMP) 1=1+1 








C------- VARIABLES AND STORAGE












C-------CONSTANTS USED IN WALL FUNCTIONS
SORTCDrDSQRT(CD)
CD25=DSQRT(SQRTCD)




C------- INITIALIZE DEPENDENT VARIABLE FIELDS
CALL FINIT
C------- PRINT OUT HEADINGS
KOPTzl 
CALL OUTPUT
C-------PRINT OUT STARTING VALUES
K0PT=2
IFCKINIT.GT.0) CALL OUTPUT 
NKI=NKI+1







C-------PREPARATIONS FOR UPDATING FIELDS
111 CONTINUE




DO 112 J=1, NSOLVE
112 RSSUM(J)=0.0
113 CONTINUE
C-------NEW LINE STARTS HERE
IZrIZ+1
c-------SET DWW(IR) TO DW(IR) OF PREVIOUS LINE















C-------BOUNDARY CONDITIONS:NB ALL FIXED EC'S SET IN FINIT
IF(ISWEEP.GT.1) GO TO 123
C-------TAU AND Z+ FOR FIRST ITERATION
KBNDrI
CALL BOUND(JTKE)
-  1 2 8  -






DO 130 JPHI=1, NSOLVE
IFCJPHI.EQ.JW.AND.IZ.EQ.NZM1) GO TO 130 
IFCISWIRL.EQ.O.AND.JPHI.EQ.JV) GO TO 130 












DO 135 IR=N1,N2 
I=IR + (IZ-1)»N2P1





C PREPARATIONS FOR PRINTOUT
PIPREFrP(IPREF)
DO 139 JZ=2,NZM1 
DO 139 IR=2,N2 
IP=IR + (JZ-2)*N2M1-1




DO 140 j =i , nsol\t:






IFCISWIRL.EQ.O.AND. J.EQ.JV) GO TO 141 
IFCJ.EQ.1.AND.IZ.EQ.NZM1) GO TO 141 
RSMAXzDMAXICRSMAX,ARSLCIZ, J ) )
141 CONTINUE
IFCRSMAX. GT. RSCHEK. AND. NTRAV. LT. NTDMA) GO TO 123 
DO 142 J=1,NSOLVE
IFCISWIRL.EQ.O.AND. J.EQ.JV) GO TO 142 
IFCJ.EQ.JW.AND.IZ.EQ.NZM1) GO TO 142 
RSSUMCJ)=RSSUMCJ)+ARSLCIZ,J)
142 CONTINUE
C-------DECIDE WHETHER SWEEP IS COMPLETE
IFCIZ.NE.NZM1) GO TO 113
K0PT=3
CALL OUTPUT
C-------DETERMINE LARGEST RESIDUAL SOURCE SUM IN MESH
DO 144 J=1,NSOLVE




IFC MODCISWEEP, IPRINT) .EQ. 0. AND. ISWEEP. NE. LSWEEP) CALL OUTPUT 
C-------DECIDE WHETHER TO CONTINUE SOLUTION PROCESS
-  1 2 9  -






IF(M0D(ISWEEP,2).NE.O) GO TO 154 
FO=FO+F(I)/UU
154 IF(M0D(ISWEEP,2).EQ.0) GO TO 153 
FN=FN+F(I)/UU
153 CONTINUE
IFCDABS(FN-FO).LE .1.D-4) GO TO 155 














C GENERAL FLOW PARAMETERS(GUNKEL AND WEBER 1975)
DATA GREAT,TINY,PI/1.D30,1.D-30,3.1415926/




DATA PUMPNG/1 .0 /
DATA EMUREF,RH0/1.81D-5,1.205/







DATA JW, JU, JPP, JV, JTKE, JTED/1,2,3,4,5,6/
DATA JP,JEMU,JLAST/7,8,8/
DATA TITLE /’ W’ , ' U ' , ’ PP« , ' V ' , ’ TKE' , ’ TED’ , ’ P’ ,
1’ EMU’ , ’ XXXX' , ’ L ’ , ’ TINS’ , ’ ABSV’ /




DATA PREFF/3»1.0, 1.3, 6*1.0/
DATA C l, C2, CD, CAPPA, ECONST/1.43, 1 .9 2 ,0 .0 9 ,0 .4 ,9 .0 /
C-------STARTING PREPARATIONS
DA TA IZ PR EF, IR PR EF/2, 2/
DATA IZMON,IRMON/5,5/
DATA K IN IT /0 /
DATA F, DU, EW/1 1004*0.0,40*0.0,40*0.0/
DATA RSREF/10*1.0/
DATA DRG,RDRG,RU,DRU/40*0.,40*0. ,4 0 *0 .,4 0 *0 ./
DATA RDRU,FUNODE,SRG,RSRG/40*0.,40*0. ,4 0 *0 .,4 0 *0 ./
DATA SRU,RSRU,CAPDSA,FU/40*0.,4 0 *0 .,4 0 *0 ..4 0 *0 ./
DATA R,DZG,RDZG,ZW,DZW/40*0.,4 0 *0 .,4 0 *0 .,4 0 *0 .,4 0 *0 ./
DATA RDZW,SZG,RSZG,SZW/40*0.,4 0 *0 .,4 0 *0 .,4 0 *0 ./
DATA FUV/40*0./
DATA RSZW,FW,FIVNODE,Z/40*0. ,40*0. ,40*0. ,4 0 *0 ./
DATA STORE/40*0./
DATA AE,AN,AP,AS,AW,0 /4 0 *0 .,4 0 *0 .,4 0 *0 .,4 0 *0 .,4 0 *0 .,4 0 *0 ./
-  1 3 0  -
DATA D,DiFE,DIFN,DWW,DIFW/40*0. ,40*0. ,4 0 *0 .,4 0 *0 .,4 0 *0 ./ 
DATA QV/40*0./
DATA DU,EMUE,EMUN,EMUW,WSTAR/40*0. ,4 0 *0 .,4 0 *0 .,4 0 *0 .,4 0 *0 ./ 
DATA USTAR,PHIOLD,S,SPRIME/40*0. ,4 0 *0 .,4 0 *0 .,4 0 *0 ./
DATA VOLUME,CONN,CONE,CONW/40*0. ,40*0. ,4 0 *0 .,4 0 *0 ./
DATA lEW, ILA ST, IM ON, IZ ER 0/10 *0,10*0, 1 0 *0 ,10*0/
DATA RSSUM,KOUNT/10*0.,40*0/
DATA ARSL,RSLINE/400*0.,40 0 *0 . /
DATA TAUIV,GENK, RPUSW , ZPUSBW/40*0. ,40*0. , 40*0. ,40 *0 ./
DATA ZPUSTW,TAUBW,TAUTW/40*0.,4 0 *0 .,4 0 *0 ./
C SOLUTION PROCESS
DATA NT DM A/2 /
DATA RSCHEK/0.001/











C------- INITIAL FIELD PARAMETERS
DATA FINW1,FINW2,FINU1,FINU2/.06,.4 , .0 2 , .4 /




IFCKCON.EQ.1) GO TO 18 
IF(KC0N.EQ.2) GO TO 19 
IFCKCON.EQ.3) GO TO 20 
RETURN
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C PRESSURE POINT AND MONITORING LOCATION
20 CONTINUE
IPREF=IRPREF-1+CIZPREF-2)*NRM2 
DO 14 J=1, JLAST 
IFCJ.EQ.JPP) GO TO 14 
IM0NCJ)=IRM0N+CIZM0N-1)*IEWCJ)






DO 20 IZ=2,NZ 
DZGCIZ)=ZCIZ)-ZCIZ-1)
20 RDZGCIZ)=1./DZGCIZ)










DO 28 IR=2,NRM2 
28 RUCIR) = 0.5*CRCIR)+RCIR+D)
RUCNRMDzRCNR)
C





















C * * * * *  CELL AREAS PERPENDICULAR TO THE SYMMETRY AXIS 
DO 45 IR=2,NRM1
-  1 3 2  -
45 UAFDSAUK; = U. 5*CKU(. iR)+KUCiK-l  ) ) *SKÜCiK)

































IF(NKI.GT.O) GO TO 1101
ZU=3.*ROT*(DD**2)*PUMPN0/(4.*PI*U0)
C IMPELLER LOCATION INDICES
DO 1120 12=2,NZM1 
IF(ZWCIZ) .LT.-HAWID) KZW1=IZ 
IF(ZCIZ).LT.-HAWID) KZ1=IZ 
IF(ZV/(IZ) .LE.HAWID) KZW2=IZ 
IF (Z d Z ) .LE.HAWID) KZ2=IZ
1120 CONTINUE






















IF(ZWdZ) .GE.O. .AND.R(IR).LT.RIMP) W(I) = -W (I)
-  1 3 3  -
I \£10 UUWliNUC,
DO 1102 IZ=KZW1P1,KZW2 
ZZ=ZW(IZ)/ZU
FZ=ZW (IZ)*(1.-(ZZ**2)/3.)




IF(IFREES.NE. 1) NZZ=NZM1 
DO 1127 IZ=2,NZZ 








DO 1103 IR=1,KIRU 
IU=IR+(IZ-1)*NRM1
1103 U(IU)=2.»U0*RU(IR)*FPRIMZ/DD
C------- REVALUE ARB FOR POINTS ENCLOSED BY IMPELLER
DO 1122 IZ=KZW1P2,KZW2M1 
DO , .c2' IR=1,KIRM1 
I=IR+(IZ-1)*NR
1122 W(I)=1.
DO 1123 IZ=KZ1P2,KZ2M1 
DO 1123 IR=1,KIRUM1 
IU=IR+(IZ-1)*NRM1
1123 U(IU)=1.




























DO 1140 IZzKZ1P1,KZ2 
IU=IR+(IZ-1)*NRM1
1140 U(IU)=U(IU)-DUQ 
IF(KINIT.LE.O) GO TO 1136 
WRITE(6,1137)
1137 F0RMAT(/1X.10(1H-),1X,19HIMPELLER FLOW RATES/
11X.10H .BOTTOM,6H TOP,4X,10HNET INFLOW,
22X,10HPERIPHERAL,2X,10HC0RRECTI0N,2X, 10HVEL ADJUST/)
-  1 3 4  -
w K i T k i b , i i 3 b )  y i , g 2 , g 3 , Q 4 , D g , D U Q  
1138 F0RMATC/1X,1P4D10.2.3X.1P2D10.2)
IF(M .LT.3) GO TO 1141
C SCALAR INITIALIZATION
1136 NZZzNZMI
IF ( IFREES.EQ.1) NZZ=NZ 
DO 1107 IZ=2,NZZ 
DO 1107 IR =2, NRM1 
I=IR+(IZ-1)*NR
1107 V (I)= 1 .5
DO 1142 IZ=KZ1P1,KZ2 
DO 1142 IR=2,KIRP1 
I=IR+(IZ-1)*NR 
1142 V(I)=V0*2,*R(IR)/DD
DO 1148 IZ=KZ1P2,KZ2M1 
DO 1148 IR=1,KIRM1 
I=IR+(IZ-1)*NR 









DO 1109 IZ=1,NZ 
DO 1109 IR=1,NR 
I=IR+(IZ-1)*NR












DO 1124 IZ=KZ1P2,KZ2M1 






DO 1125 IZ=KZ1P1,KZ2 
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1114 1Z=1Z. + 1
SZGIZrSZGdZ)
DO 1115 IR=2,NRM1 
I=IR + dZ-1)*NR













IFdZ.EQ.NZM1) GO TO 225








225 DO 226 IR=N1,N2 
IW=IR + dZ-1)*N2P1-N2P1
226 W(IW)zWdW)-DWdR)*PP(IR)
C--------CORRECT U’S ON TDMA LINE
206 CONTINUE
DO 208 IRzN1,N2M1 
IUzIR + dZ-1 )*N2
208 U(IU)zUdU)+DU(IR)*(PP(IR)-PPdR+1 ))
C-------- CORRECT PRESSURES ON TDMA LINE
IC0NST=dZ-2)*N2M1-1
RFzRELAX(JP)
IFCRF.EQ.1.) GO TO 209 










C-------DEFINE AN ARITHMETIC FUNCTION FOR COMBINING APPROPRIATELY










IFCJPHI.GT.JUP1) GO TO 456










IFCJPHI.NE.JUP1) GO TO 405









C-------REMAINING CELLS ON STRIP












CONN CIR)=RH0*U CIU)*AREAN 
CONE CIR)=RHO*WCI)*AREAE 
CONV/C IR )=RHO*WC IW) * AREAW 
410 CONTINUE
405 IFCJPHI.EQ.JW) GO TO 417 
IFCJPHI.EQ.JU) GO TO 418 
IFCJPHI.EQ.JPP) GO TO 419 
GO TO 416
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+ i wi 1 ;-wi.i v i )  ) * t ^ i i L )





C-------STORE W IN PHIOLD
PHIOLD(IR)=W(I)
424 CONTINUE
C-------PUT BOUNDARY END VALUES IN PHIOLD
I1=N 1M1 + (IZ-1 )*N2P1 





C-------BREAK LINKS ON AXIS OF SYMMETRY
AS(N1)=0,0
RETURN




ISU=N1M1 + (IZ-1 )*N2
C-------BOTTOM CELLS
AREA=SZGIZ*RU(N1M1)
DN =EM US (N 1 ) * ARE A*R DRU(NI)
CN=RHO*U(ISU)*AREA 
AN(N IM1) = CONDIF(DN, -CN)
C-------REMAINING CELLS ON STRIP














DEzEMUE CIR) »AREAE*RDZG1 

















C COEFFICIENTS FOR THE PRESSURE CORRECTION EQUATION
419 SZGIZzSZGCIZ)
RSLINECIZ,JPP)=0.0
ANCNIM1)zRHO*SZGIZ*DUCN1M1)*RUCN IM 1 )














IF(IZ .EQ .2) AW(IR)=0.0 
IF(IZ.EQ.NZMl) AE(IR)=0.0
C-------CALCULATE MASS SOURCE (ERROR DUE GUESSED P FIELD)



















AN (N 1M1 ) zCONDIF ( DIFS (N1)*R PREFF ,-OONS(N1)) 
IC0NST=(IZ-1)«N2PUIZER0(JPHI)




















C THIS SUBROUTINE EVALUATES THE CELL WALL VALUES OF THE VARIABLE
C DENOTED BY THE ARGUMENT JPHI FOR THE THREE TYPES OF CELL
IFCKCEL.EQ.1) GO TO 520 
IFCKCEL.EQ.2) GO TO 521 
IFCKCEL.EQ.3) GO TO 522 
RETURN
C------- CELL WALL PROPERTIES FOR W CELLS
520 CONTINUE 
LErO
-  1 3 9  -
LW =U
IF(IZ .EQ .2) LW=N2P1
IF(IZ.EQ.NZM2) LE=N2P1







I=N 1M 1+1 CONST 
IE=I+NRLE
AS(N1)=0.5*(F(I)+F(IE))





















































-  1 4 0  -
A t  C IK ; = Bt,W*b( I  ;+BEfc.»K( I E ;







C SOURCE CALC' IN FORM S(IR)+S '(IR)*PHI
JPHIrLPHI
IFCJPHI.EQ.JW ) GO TO 300
IFCJPHI.EQ.JU ) GO TO 301
IFCJPHI.EQ.JPP ) GO TO 302
IFCJPHI.EQ.JV ) GO TO 303
IFCJPHI.EQ.JTKE) GO TO 304 









DO 310 IR=N1,N2 
I=IR+(IZ-1)»N2P1
IFCDABSCZWCIZ)).LE.HAWID.AND.RCIR).LE.RIMP) GO TO 345 
IRM1=IR-1


















STERM =STERM + CEM UN CIR) *R U(IR ) *DUDZ N-EMUS CIR) *R U CIRM1)*DUDZS) 
1/CAPDSACIR)
S(IR)zS(IR)+STERM*VOLUMECIR)








IC0NST = CIZ-2)»N2^1-1 
DO 315 IR zN1,N2M1 
IU=IR+(IZ-1)*N2




I=IR + (IZ-1)*N2P1 
INzI+1











IF(ISWIRL.EQ.O) GO TO 319 
VMEAN=V(IR)+FUV(IR)«(V(IR+1)-V(IR))
CF0RC=RH0*(VMEAN»»2)/RU(IR)


















C P'SOURCES (SEE ALSO COEFF)
302 CONTINUE
IF(DABSCZCIZ)).GT.HAWID) RETURN 






DO 321 IRzN1,N2 
IzIR+(IZ-1)*N2P1








DMUDRSz(EMUCI)-EMU(IS) ) / ( R(IR)-R(IRM1))





IF(R(IR).GE.O .) SPRIME(IR)zSPRIME(IR)-RHO»V(I)/R(IR) 
SPRIME(IR)=SFRIME(IR)*VOLUME(IR)





C SOURCES FOR TURBULENCE KINETIC ENERGY
304 CONTINUE
-  1 4 2  -
KSZGIZzKSZG(IZ)
C2M1zC2-1.0
RDELZz1./(Z(IZ + 1 )-Z (IZ -D )
RDELZW z1./(Z(IZ)-Z(IZ-D)
RDELZEz1./(Z(IZ+1)-Z(IZ))
DO 326 IRzN1.N2 
I=IR+(IZ-1 )»N2P1






























C TURBULENCE GENERATION’BY THE MEAN FLOW


















DO 331 IRzN1,N2 
IzIR  + (IZ-1 )*N2P1

















IFCJPHI.NE. JPP) RSLINECIZ, JPHDzO.O 
IEWPHI=IEW(JPHI)
NN2zN2





IFCJPHI.NE.JPP) GO TO 704
C P» EQUATION







C-------back substitution FOR P’
DO 706 IRzN1,NN2 
IRBACKzN1PNN2-IR
















C------- MODIFY T.D.M.A COEFFICIENTS FOR BACK SUBSTITUTION
TERMz1.0/CDCIR)-BCIR)*ACIRM1)+TINY)
ACIR)zA(IR)*TERM 
708 CCIR)='CCCIR)+CC IRM1 ) *BC IR ) ) *TERM 
IFCKRSPHI.EQ.O) GO TO 711
C-------RESIDUAL SOURCES
DO 712 IRzN1,NN2






ABSRSzDABS CRSLINE CIZ, JPHI))
ARSLCIZ, JPHDzABSRS
C-------BACK SUBSTITUTION IN T.D.M.A OPERATIONS
• 711 CONTINUE
IFCJPHI.EQ.JW) GO TO 713 
IFCJPHI.EQ.JU) GO TO 714 
GO TO 715
C-------STORE RECENTLY CALCULATED W AND U IN WSTAR AND USTAR
713 CONTINUE
-  1 4 4  -




















C MODIFY DW AND DU FOR NON UNIT D










IFCKBND.EQ.1) GO TO 650 
IFCKBND.EQ.2) GO TO 651 
RETURN
C UPDATE VALUES ON BOUNDARIES FOR PRINTOUT PURPOSES
650 CONTINUE 
JPHIzLPHI
IFCJPHI.EQ.JW) GO TO 600 
IFCJPHI.EQ.JU) GO TO 656 
IFCJPHI.EQ.JV) GO TO 658 
IFCJPHI.EQ.JEMU) GO TO 603 
IFCJPHI.EQ.JTKE) GO TO 604 





















IzIR  + CIZ-1)*N2P1 
IEzI+N2P1
659 VCIE)zVCI)














C-------ENERGY AT TANK BOTTOM
604 CONTINUE 
IF (IZ .N E.2) GO TO 660 
DO 661 IR=1,N2P1 







C TAU AND 2+ AT TANK BOTTOM



























660 IFCIFREES. EQ.0 .AND.IZ. EQ.NZM1) GO TO 664
C-------ENERGY AT CURVED WALL
I=N2PU(IZ-1)*N2P1
TKECI)=TKECI-1)
C-------TAU AND R+ AT CURVED WALL
1=1-1
IW=I-N2P1
WP=WC IW) + C WC I  )-WC IW) ) *FWNODE C IZ ) 
RSQRTK=RHO*DSQRTCTKECI ) )
RPUSW(IZ)=RSQRTK*CRFW 




-  1 4 6  -




I  = 1+(IZ-1)*N2P1 
TKE(I)=TKE(I+1)
IF(IZ.NE.NZMI) RETURN
C-------ENERGY AT FREE SURFACE





C-------ENERGY AT TOP WALL








C-------TAU AND Z+ AT TOP WALL







IFCZPUSTV/CIR) .GT. 11.5) GO TO 667 
TAUTVJRCIR)=CTAUTW*UP 
TAUTWSCIR)=CTAUW*VCI)






















C------- AT FREE SURFACE
IFCIFREES.EQ.O) RETURN 
DO 636 IRzI.NRMI 




C------- MODIFY SOURCE TERMS TO APPLY BOUNDARY CONDITIONS
651 CONTINUE 
JPHIzLPHI
IFCJPHI.EQ.JW) GO TO 637
-  1 4 7  -
i r i u r M i . L V . j u ;  uu lu 054 
IFCJPHI.EQ.JPP) GO TO 638 
IFCJPHI.EQ.JTKE) GO TO 639 
IFCJPHI.EQ.JTED) GO TO 640 
IFCJPHI.EQ.JV) GO TO 685 
RETURN








C------- P* SOURCES FOR D^ PELLER GIVEN IN 'SOURCE' AS FOR OTHER VARIABLES
638 CONTINUE 
RETURN
C U MOMENTUM SINKS
654 CONTINUE
IFCIZ.NE.2) GO TO 668
C FOR BOTTOM WALL
DO 669 IR=N1,N2M1 






C FOR TOP WALL
668 IFCIZ.NE.NZM1) RETURN 
IFCIFREES.EQ.1) RETURN 







C—— —K AT WALLS
639 CONTINUE 
IFCIZ.NE.2) GO TO 673
C AT BOTTOM WALL
DO 674 IRzN1,N2
IUzIR+CIZ-1)*N2
















C AT CURVED WALL
673 IFCIFREES.EQ.0 .AND.IZ. EQ.NZM1) GO TO 675 
IR=N2
I=IR + CIZ-1 )*N2P1 
IWzI-N2P 1 
ISW=IW-1










C AT TOP WALL
675 DO 676 IR=N1,N2 
I=IR+CIZ-1 )*N2P1 
















C DISSIPATION AT WALLS
640 CONTINUE
IFCIZ.NE.2) GO TO 677
C-------AT BOTTOM WALL






678 SPRIMECIR )=-GREAT 
RETURN
C------- AT CURVED WALL
677 IFCIFREES.EQ.O, AND. IZ.EQ.NZM1) GO TO 679 
IRzN2







C AT TOP WALL








C SWIRL SOURCE ADJUSTMENTS NEAR WALLS
685 CONTINUE
C at CURVED WALL
IRzN2
I=IR + CIZ-1 )*N2P1 
ANCIR)=0.0
SPRIMECIR)=SPRIMECIR)-TAUWSCIZ)*SZGCIZ)*RCNR)/VCI)TTT'/'T^  \m r»r\ rnr\ r r> r
-  1 4 9  -
xr V-1-^ . « c . e:; ou l u  ooo
C------- AT BOTTOM WALL
DO 687 IR=N1,N2 
















IFCJPHI.EQ.JP) GO TO 900







IFCJPHI.NE.JW) GO TO 901 
C ———F OR W
IFCLIMIT1.GT.NZM1) LIMIT1=NZM1 
IFCLIMIT2.GT.NZM1) LIMIT2=NZM1 
GO TO 902 
C OTHER PHI'S
901 IFCLIMIT1.GT.NZ) LIMIT1=NZ 
IFCLIMIT2.GT.NZ) LIMIT2=NZ 
GO TO 902









C PRINT TITLE OF VARIABLES
902 WRITEC6,908) TITLECJPHI).TITLECJPHI)
908 F0RMATC/1H . 15HFIELD VALUES OF,IX ,A4,2X,22C1H-).A4,22C1H-))
C PRINT FIELD VALUES
DO 909 IIRzLBOT.LTOP, J1STEP 
IR=LTOP-IIR+LBOT 













921 WRITEC6,923) IR , RCIR ), CSTORECIZ), IZ=LIMIT1, LIMIT2,J2STEP)
GO TO 909
-  1 5 0  -
922 WRITE(b,925) IR , RU(IR) , (STORE(IZ), IZ=LIMIT1, LIMIT2,J2STEP)
909 CONTINUE
IF(JPHI-JW) 926,927,926
926 WRITE(6,928) ( IZ ,Z ( IZ ) , IZ = L IM IT 1 , LIMIT2,J2STEP)
GO TO 929
927 WRITE(6,930) ( I Z , ZW (IZ ), IZ=LIM IT1 ,LIMIT2,J2STEP)
929 IFCJPHI.EQ.JW) GO TO 931
IFCJPHI.EQ.JP) GO TO 931
C--------FOR PHI'S OTHER THAN W AND P
IFCLIMIT2.EQ.NZ) RETURN 
KOLUM1=KOLUM1+N UM COL 
KOLUM2=KOLUM2+NUMCOL 
GO TO 932
C--------FOR W AND P
931 IFCLIMIT2.EQ.NZM1) RETURN 
KOLUM 1 rKOLUM 1+NUMCOL 
K0LUM2=K0LUM2+NUMC0L 










IFCKOPT.EQ.1) GO TO 870 
IFCK0PT.EQ.2) GO TO 871 
IFCKOPT.EQ.3) GO TO 872 
IFCKOPT.EQ.4) GO TO 873 







251HPREDICTION OF STEADY TURBULENT AGITATED VESSEL FLOW,









WRITE(6,802) NZ, NR, NZMAX,NRMAX
802 F0RMATC/1X,21HNUMERICAL INFORMATION,IOC1H-)/
11X,10H NZ,10H NR
5 /1X,2I10//1X,10H NZMAX,10H NRMAX
6/1X,2I10)
WRITEC6 ,803 ) NTDMA, LSWEEP,RSCHEK,CCHECK
803 FORMATC/1X,10H NTDMA,10H LSWEEP,10H 'RSCHEK,10H CCHECK 
7 /1 X ,2 I 1 0 ,1P2D10.2)










\ trr» T*mr^  / < n < f~ \
-  1 5 1  -
xr V J.rnc,c,o. n,w. u; wnxic, i,o, OOD ;
864 F0RMATC/1X, 29HCL0SED BY A FLAT FREE SURFACE/)





IF(ISWIRL.EQ.0.AND.JPHI.EQ.JV) GO TO 804 








830 F0RMATC//1X,25HSYSTEM POWER CONSUMPTIONr,
11PD10.2,1X.35HINTEGRATED TURBULENCE DISSIPATIONz,
21PD10.2,1X,6HRATI0=,1PD10.2 
3/1X.21HDISS IN CIRC'N ZONES=,1PD10.2)
RETURN
872 CONTINUE
C-------PRINT OUT RESIDUAL SOURCES AND MONITORING VALUES
IFCIEND.EQ.1) GO TO 866
JFCISWEEP.LE.2) GO TO 805
IF(MOD(ISWEEP,IPLRS) . NE.0) GO TO 806
805 WRITE(6,807) ISWEEP,ISWEEP
WRITE C6,808) (TITLE(K) , K=1,NSOLVE)
K=2
DO 809 IZzK.NZMI
809 WRITE(6,810) IZ , KOUNT(IZ), (RSLINECIZ, J ) ,J= 1 , NSOLVE)
WRITE(6,811) CRSSUMCJ),J=1, NSOLVE)
DO 812 J=1,JP 
IFCJ.NE.JPP) GO TO 813 
STORECJ)=0.0 








806 IFCMODCISWEEP,NZ).NE.O) GO TO 816
866 KTRIP=KTRIP+1 
IFCKTRIP.GT.1) GO TO 817 
WRITEC6,818)
WRITE (6, 81 9) I  ZM ON, IRM ON
WRITE(6,820) (TITLE CK) , K=1, NSOLVE)
817 WRITEC6,821) ISWEEP,CRSSUMCJ) ,J = 1, NSOLVE)
DO 822 J=1,JP 
IFCJ.NE.JPP) GO TO 823 
STORECJ)=0.0 






807 F0RMATC//1X,14HITERATI0N NO. ,14 ,2X,70C1H=), 4X,14HITERATI0N NO. ,
1 14 //
2 1X,63HALGEBRAIC SUM OF RESIDUAL SOURCES AT EACH LINE—RSLINECIZ,J 
3PHI)/)
808 F0RMATC1X,13HIZ NO. TRAVS,2X,10C3X,A4,3X))
810 F0RMATC1X,I4,6X,I2,3X,1P10D10.2)
811 F0RMATC/1X,37HSUM OF ABS. VALUES OF RSLINECIZ,JPHI)//
-  1 5 2  -
4 I A, I I M * ;  , IB lUU iU.d/ )




819 FORMAT(/1X,58HSUM OF ABS. VALUES OF RSLINECIZ,JPHI), PRECEDED BY 
6»*****/1X,30HVALUES AT MONITORING LOCATIONC,1 4 ,1H, ,1 4 , 1H),
7 21H, PRECEDED B Y --------- )
820 FORMATC/1X,6X,5HITER., 3X,10C3X,A4,3X))
821 F0RMATC1X.6H******,1X,I4,3X,1P10D10.2)
824 FORMATCIX,6H , 1X,I4,3X, 1P10D10.2)
RETURN
873 CONTINUE
C QUANTITIES AS A FUNCTION OF IZ/IR NEAR VESSEL WALLS
WRITE(6,825) ( IZ , TAUWCIZ), RPUSWCIZ), IZ=2,NZM1)
WRITEC6,874) CÏR . TAUBWCIR) , ZPUSBWCIR) , IR =2,NRM1)
IFCIFREES.EQ.1) GO TO 876
WRITEC6,875) CIR,TAUTWCIR),ZPUSTWCIR),IR=2,NRM1)
876 CONTINUE
825 F0RMATC//1X,23HVALUES NEAR VESSEL WALL//1X,20H IZ
1,2X,11H TAU , 11H R+ / (
21X,120,2X,1P2D11.3))
874 FORMATC//1X,23HVALUES NEAR BOTTOM WALL//1X,20H IR
1,2X,11H TAU , 11H Z+ /C
21X,I20,2X,1P2D11.3))
875 F0RMATC//1X,20HVALUES NEAR TOP WALL//1X,20H IR
1,2X,11H TAU , 11H Z+ /C
21X,I20,2X,1P2D11.3))




DO 826 IZ=NZZZ,NZZ 











IFCZWCIZ) .GT.-HAWID.AND.ZWCIZ-D.LT.HAWID. AND.IR.LE.KIR) GO TO 844 
VABB=0.5*CWCIW)+WCD)
VABB=VABB**2





DO 845 IZ=NZZZ,NZZ 
DO 845 IR = 1,NRM1 
IzIR+CIZ-1)*NR
IFCDABSCZCIZ)).LT.HAWID.AND.IR.LE.KIR) GO TO 846 
VCI)=DSQRTCTKECI))/CEMUCI)+TINY)









mon m XU t tr>











IFCKADJ.EQ.1) GO TO 1300 
IF(KADJ.EQ.2) GO TO 1302
C------- INSERT W* AND U* INTO FIELD BEFORE CTY ADJUSTMENT
1300 IF(IZ.EQ.NZMI) GO TO 1303 
DO 13'04 IR=N1,N2 
IzIR+(IZ-1)*N2P1
1304 W(I)=WSTAR(IR)
1303 DO 1305 IR=N1,N2M1
IU=IR + ( IZ -1)*N2
1305 U(IU)=USTAR(IR)
RETURN





-  1 5 4  -
APPENDIX III 
OUTPUT FOR THE CASE UF ZERO IMPELLER 
TURBULENCE AND Cq  ^ = 1
-  1 5 5  -
PREDICTION OF STEADY TURBULENT AGITATED VESSEL FLOW
SYSTEM INFORMATION—
DT H REY.NO
4.56D-01 4.56D-01 5.48D 04
UO VO



































CLOSED BY A FLAT SOLID WALL
ITERATION NO.
ALGEBRAIC SUM OF RESIDUAL SOURCES AT EACH LINE—RSLINECIZ, JPHI)
IZ NO. TRAVS W U PP V TKE TED
2 2 -1.01D 00 2.48D-01 -2.23D-01 8.16D-02 1.15D00 O.OOD-01
3 2 -3.77D-01 5.24D-02 -3.93D-02 8.86D-02 5.31D-01 -1.42D 01
4 2 -3.01D-01 -3.72D-02 -2.92D-02 9.55D-02 5.47D-01 -6.39D 00
5 2 -2.21D-01 -1.02D-01 -2.02D-02 9.74D-02 5.97D-01 -5.29D 00
6 2 -1.69D-01 -1.40D-01 -1.44D-02 9.79D-02 6.32D-01 -5.05D 00
7 2 -1.32D-01 -1.65D-01 -1.02D-02 9.82D-02 6.50D-01 -4.97D 00
8 2 -4.89D-02 -1.07D-01 -4.29D-03 7.27D-02 4.85D-01 -4.01D 00
9 2 5.71D-03 -3.43D-02 1.10D-04 3.42D-02 2.32D-01 -2.58D 00
10 2 -3.16D-03 -2.62D-02 -4.06D-04 2.75D-02 1.80D-01 -2.37D 00
11 2 -7.79D-01 1.09D-02 -5.55D-02 2.75D-02 1.76D-01 -2.10D 00
.12 2 -1.84D-02 -3.68D-01 -1.10D-03 -9.710-01 -1.28D 00 -3.96D 00
-  1 5 6  -
13 2 1.04D-U1 1.700-01 2.610-02 4.490-01 -1.080 00 -3.570 00
14 2 3.750-01 -2.610-01 8.730-02 1.240-01 -1.890 00 -4.980 00
15 2 -2.430 00 -4. 180-01 -3.940-01 5.960-02 -2.880 00 -6.220 00
16 2 6.890-01 -4.230-01 —3.180-01 4.790-02 -3.010 00 -5.830 00
17 2 5.950-01 -4.900-01 -1.590-01 4.340-02 -3.190 00 -6.730 00
18 2 2.800-01 -4.870-01 -7.650-02 3.220-02 -2.14D 00 -5.200 00
19 • 2 3.360-02 -1.310-02 -5.090-02 5.090-01 -1.820 00 -4.790 00
20 2 6.530-01 -4.390-01 4.680-02 -8.770-01 -1.520 00 -4.400 00
21 2 1.040-01 -2.580-02 6.340-03 -1.820-01 -4.530-01 -2.990 00
22 2 8.820-02 2.320-02 5.960-03 -2.030-02 -5.920-02 -2.170 00
23 2 2.100-01 3.130-02 1.820-02 1.900-02 1.040-01 -2.700 00
24 2 2.180-01 1.250-02 1.920-02 6.750-02 3.980-01 -4.010 00
25 2 1.250-01 -6.350-02 1.260-02 9.540-02 5.690-01 -5.14D 00
26 2 5.590-02 -1.130-01 6.870-03 9.710-02 5.840-01 -5.250 00
27 2 1.050-02 -1.450-01 3.060-03 9.750-02 5.860-01 -5.260 00
28 2 -1.970-02 -1.650-01 4.920-04 9.770-02 5.860-01 -5.270 00
29 2 -2.290-02 -1.430-01 4.760-03 9.750-02 5.580-01 -5.370 00
30 2 0.000-01 2.800-02 1.150-14 8.690-02 9.850-01 O.OOD--01
SUM OF ABS. VALUES OF RSLINECIZ,JPHI)
* * * * * * * * * * * * *  9.08D 00 4.74D 00 1.63D 00 4.70D 00 2.89D 01 1.31D 02
VALUES AT MONITORING LOCATION ( 5, 5)
----------------------  5.85D-01 -1.63D-01 O.OOD-01 1.43D 00 1.14D 01 9.160 01 9.960 0
ITERATION NO.
IZ
GEBRAIC SUM OF RESIDUAL SOURCES AT EACH LINE—RSLINECIZ, JPHI
NO. TRAVS W U PP V TKE TEO
2 2 -2.520-01 9.340-02 -1.370-01 5 . 090 -0 2 9.890--01 0. 000--01
3 2 -1.880-01 3.580-02 -3.650-02 6 . 2 70 -0 2 4.380--01 -2 . 830 00
4 2 -2.180-01 -3.780-02 -3.560-02 7.650-02 3 . 510 --01 -1. 440 00
5 2 -1.980-01 -1.060-01 - 2 . 900 -0 2 8.080-02 3 . 720 --01 -5. 930--01
6 2 -1.700-01 -1.560-01 - 2 . 2 90 -0 2 8 . 190-02 4.050--01 - 3 . 210--01
7 2 -1.390-01 —1.840-01 -1.630-02 8.140-02 4.200--01 -1. 430--01
8 2 -5.580-02 -1.320-01 -5.280-03 5.740-02 3 .180--01 -5. 280--02
9 2 -1.790-01 -6.180-02 - 1 . 23 0 -0 2 3.340-02 2.020--01 -9. 850--01
10 2 -9.670-01 -1.200-02 -6.010-02 2.960-02 1.610--01 -1. 200 00
11 2 -7.290-01 4.030-02 -4.880-02 - 2 . 050-01 - 3 . 900 --01 -1. 350 00
12 2 2.810-01 -1.100-01 2 . 170-02 - 5 . 300-01 -6.570--01 -1 . 890 00
13 2 1.470-02 -1.420-01 -9.660-02 2.020-01 - 9 . 340 --01 -2. 210 00
14 2 -1.030 00 -4.280-01 -7.430-01 8.400-02 -1.400 00 -2. 880 00
15 2 2.850-01 —6.060—01 4.250-02 3.600-02 - 1 . 970 00 —4. 100 00
16 2 8.400-01 -7.900-01 8.670-02 3 . 750 -0 2 -2.870 00 -5. 990 00
17 2 3.790-01 -7.550-01 - 6 . 4 70 -0 2 1.440-02 -2.210 00 -4 . 840 00
18 2 8 .490-02 -5.390-01 -1.960-01 8.850-02 -1.610 00 - 3 . 500 00
19 2 -5.000-02 - 3 . 130-01 -2.050-01 1 . 970-01 - 1 . 300 00 - 3 . 010 00
20 2 3.350-01 - 3 . 190-01 2 . 4 70 -0 2 -5.120-01 - 1 .1 7 0 00 -2. 800 00
21 2 2.300-01 -6.140-02 1.480-02 -2.280-01 -7.060--01 -1. 690 00
22 2 1.330-01 2.070-02 9 .040-03 -5.220-02 - 2 . 370 --01 —1. 800 00
23 2 2.250-01 3 . 570-02 2.000-02 9.570-04 -2.510--02 -1. 490 00
24 2 3.200-01 4.790-02 2 . 940 -0 2 4 . 950 -0 2 2 . 330 --01 -2. 870--01
25 2 2.600-01 1.030-03 2.610-02 7 . 69 0 -0 2 4.050--01 -1. 010--01
26 2 1.900-01 -6.780-02 2.020-02 8 . 03 0 -0 2 4.480--01 -1. 210--01
27 2 1.300-01 -1.200-01 1.560-02 8 . 130-02 4". 600 --01 —1. 260--01
28 2 1.970-01 - 1 . 290-01 3 . 2 2 0 -0 2 8.160-02 4 . 150--01 -2 . 310 .-01
29 2 2.980-01 -1.540-02 1.010-01 7.670-02 3.440--01 -9 . 090 00
30 2 0.000-01 5 . 950-02 3 . 080 - 15 5 . 3 50 -0 2 1.050 00 0. 000--01
SUM OF ABS. VALUES OF RSLINECIZ,JPHI)
* * * * * * * * * * * * *  8.380 00 5.420 00 2.150 00 3.240 00 2.250 01 5.510 01
- 157 -
V A LU b ü  A l  M U N I I U K I N Ü  L U ü A l i U N  (. 5 ,
----------------------  5.650-01 -1.480-01 0.000-01 1.360 00 1.140 01 9-370 01 1.040
SUM OF ABS. VALUES OF RSLINECIZ, JPHI), PRECEOEO BY * * * * * *  
VALUES AT MONITORING LOCATIONC 5, 5 ) .  PRECEOEO BY -----
ITER. W U PP r TKE TEO
* * * * * * 31 4. 170--01 1. 220 00 5. 920-01 3. 260.-01 4. 44D 00 1. 360 01
■ ■■ 31 1. 790 .00 -4. 470-01 0. 000-01 5. 460.-01 7. 720 00 7. 340 01 6..430.
* * * * * * 62 1. 930--01 4. 770-01 4. 270-01 1. 410.-01 5. 520--01 6. 050 00
—————— 62 1. 720 00 -4. 530-01 0. 000-01 4. 900.-01 5. 030 00 4. 980 01 -1..540
* * * * * * 93 6. 740--02 2. 020-01 1. 340-01 1. 390.-01 1. 950 00 8. 330.-01
—————— 93 1. 850 00 -5. 260-01 0. 000-01 5. 430.-01 2. 360 00 2. 220 01 - 1 .,390
* * * * * * 124 5. 390--02 1. 330-01 5. 540-02 1. 240.-01 2. 130 00 3. 260 00
------------- 124 1. 800 00 -5. 090-01 0. 000-01 6. 010.-01 1. 020 00 8. 680 00 - 1 .,240
* * * * * * 155 2. 590--02 1. 870-01 7. 620-02 1 . 070.-01 1. 560 00 2. 680 00
— ---------- 155 1. 900 00 -4. 730-01 0. 000-01 6. 520.-01 6. 360.-01 5. 130 00 -1..510
* * * * * * 186 1. 920--02 2. 330-01 3. 910-01 9. 160.-02 8. 600--01 1. 620 00
— ———— 186 2. 040 00 -4. 310-01 0. 000-01 7. 040.-01 4. 44D.-01 3. 450 00 - 1 ,.940
* * * * * * 217 3. 760--02 1. 500-01 5. 830-01 8. 190.-02 2. 580--01 6. 640.-01
------------- 217 2. 480 00 -3. 960-01 0. 000-01 8. 540.-01 3. 400--01 2. 980 00 -3..300
* * * * * * 248 1. 880--02 5. 030-02 1. 140-01 1. 900.-02 6. 520.-02 2. 080.-01
------ —— 248 3. 310 00 -3. 680-01 0. 000-01 1. 170 00 3. 780.-01 4. 44D 00 -6.,610
* * * * * * 279 5. 210--03 1. 480-02 3. 720-02 5. 920.-03 2. 380.-02 6. 750.-02
— ———— 279 3. 590 00 -3. 660-01 0. 000-01 1. 280 00 4. 080.-01 5. 160 00 -8..040
* * * * * * 310 1. 850--03 6. 080-03 1. 650-02 2. 540.-03 1. 380.-02 3. 450--02
—————— 310 3. 660 00 -3. 630-01 0. 000-01 1. 310 00 4. 000.-01 5. 150 00 -8..430
* * * * * * 341 1. 050--03 3. 500-03 7. 210-03 1. 570--03 8. 010.-03 1. 860--02
—————— 341 3. 680 00 -3. 620-01 0. 000-01 1. 310 00 3. 950.-01 5. 120 00 -8..550
* * * * * * 372 5. 580--04 2. 010-03 4. 280-03 8. 280.-04 5. 260.-03 1. 260--02
------------- 372 3. 700 00 -3. 610-01 0. 000-01 1. 320 00 3. 920--01 5. 100 00 -8..630* * * * * * 403 3. 800--04 1. 230-03 2. 640-03 5. 250--04 3. 74D--03 9. 600--03
-------------- 403 3. 700 00 -3. 610-01 0. 000-01 1. 320 00 3. 900--01 5. 080 00 -8,.670
* * * * * * 434 2. 670--04 8. 650-04 1. 920-03 3. 440--04 2. 890--03 8. 010--03
------------- 434 3. 710 00 -3. 610-01 0. 000-01 1. 320 00 3. 880.-01 5. 070 00 -8.,700* * * * * * 465 2. 030--04 6. 610-04 1. 480-03 2. 580--04 2. 240--03 6. 560--03
— — —— 465 3. 710 00 -3. 610-01 0. 000-01 1. 320 00 3. 870--01 5. 060 00 -8..710
* * * * * * 496 1 . 510--04 4. 990-04 1. 070-03 1. 900--04 1. 710--03 5. 040--03
496 3. 710 00 -3. 600-01 0. 000-01 1. 330 00 3. 860.-01 5. 050 00 -8..720
ITERATION NO. 500



























































































-6 . 960 -0 6






































1 y 1 -O.OfU-UO j.uyu-ub 9 . oyu-ub 1.130-05 9.910-05 4.410-04
20 -9.320-06 9.190-06 6.990-06 2.880-06 7.010-05 2.000-04
21 -6.850-06 4.310-06 2.050-05 6.840-07 4.400-05 6.610-05
22 -3.840-06 1.770-06 2.620-05 7.230-07 4.450-05 5.690-05
23 -1.460-06 6.550-07 2.790-05 8.030-07 4.410-05 5.630-05
24 . 3.840-06 -6.000-06 2.120-05 1.790-06 4.550-05 6.520-05
25 6.100-06 -1.330-05 6.730-06 5.100-06 5.050-05 7.460-05
26 3.710-06 -1.640-05 -1.200-05 7.910-06 4.840-05 6.880-05
27 -2.490-06 -1.380-05 -3.080-05 7.870-06 4.080-05 5.530-05
28 -8.210-06 -4.690-06 -3.590-05 5.270-06 3.330-05 4.220-05
29 -5.840-06 1.520-05 -1.540-05 -3.380-06 2.350-05 2.830-05
30 0.000-01 5.070-05 4.480-06 -1.920-05 3.170-06 0.000-01
SUM OF ABS. VALUES OF RSLINECIZ,JPHI)
* * * * * * * * * * * * *  1.460-04 4.840-04 1.030-03 1.830-04 1.650-03 4.850-03
VALUES AT MONITORING LOCATION ( 5, 5)
  3 .7 1 0  00 -3.600-01 0.000-01 1.330 00 3.860-01 5.050 00 -8.720
SUM OF ABS. VALUES OF RSLINECIZ,JPHI),PRECEOEO BY 
VALUES AT MONITORING LOCATIONC 5, 5 ) ,  PRECEOEO BY
* * * * * *
ITER. W U PP V TKE TEO
* * * * * * 527 1. 140-04 3.840-04 8.000-04 1.420-04 1.250-03 3.650-03
—---—--- 527 3.710 00 -3.600-01 0.000-01 1.330 00 3.860-01 5.040 00 -8.730
* * * * * * 558 8.150-05 2.770-04 5.660-04 1.040-04 8.930-04 2.580-03
——— — —— 558 3.710 00 -3.600-01 0.000-01 1.330 00 3.850-01 5.040 00 -8.730
* * * * * * 589 5.840-05 1.990-04 4.030-04 7.480-05 6.350-04 1.830-03
---------- 589 3.710 00 -3.600-01 0.000-01 1.330 00 3.850-01 5.040 00 -8.740* * * * * * 620 4.120-05 1.410-04 2.840-04 5.320-05 4.530-04 1 . 300 -03
---------- 620 3.710 00 -3.600-01 0.000-01 1.330 00 3.850-01 5 .0 3 0  00 -8.740
* * * * * * 645 3.160-05 1.080-04 2.180-04 4.070-05 3.460-04 9.930-04
645 3.710 00 -3.600-01 0.000-01 1.330 00 3.850-01 5 .0 3 0  00 -8.740




RC 9 )= 1 .0690-01 
RC 6 )= 6 .4120-02 
RC 3 )= 2 .1370-02
ZWCIZ)
FIELO VALUES OF W 
RC 18)=2.2800-01 
RC 15)=1.9240-01 
RC 12)z1 .4960-01 
RC 9 )= 1 .0690-01 
RC 6 )= 6 .4120-02 
RC 3 )= 2 .1370-02
ZWCIZ)
FIELO VALUES OF W 
RC 18)=2.2800-01 
RC 15)=1.9240-01 
RC 12)z1 .4960-01 
RC 9 )= 1 .0690-01 
RC 6 )z 6 .4120-02 
RC 3 )= 2 .1370-02
0.000-01 0.000-01 0.000-01 0.000-01 C.000-01
0.000-01 -7.040-01 -1.220 00 -1.550 00 -1.660 00 
0.000-01 5.710-01 9.630-01 1.170 00 1.240 00
0.000-01 1.190 00 2.000 00 2.500 00 2.760 00
0.000-01 1.550 00 2.570 00 3-210 00 3.53D 00
0.000-01 1.880 00 3.030 00 3-720 00 4.050 00
lz-0 .228  2=-0.202 3 = -0 .176 4 = -0 .150 5=-0.124
0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
-1.590 00 -1.320 00 -9.210-01 -7.330-01 -6.320-01
1.280 00 1.270 00 1.170 00 1.080 00 1.020 00
2.810 00 2.660 00 2.460 00 2.360 00 2.300 00
3.570 00 3.350 00 3-030 00 2.850 00 2.720 00
4.070 00 3.780 00 3-360 00 3.120 00 2.930 00
6=-0.098 7=-0.072 8=-0.052 9=-0.044 10=-0.038
0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
-4.910-01 -4.190-01 -3.820-01 -2.380-01 -7.570-02
9.13D-01 7.730-01 4.820-01 3-650-01 1.200-01
2.240 00 2.250 00 2.090 00 1.230 00 3-200-01
2.500 00 2.250 00 1.000 00 1.000 00 1.000 00
2.620 00 2.250 00 1.000 00 1.000 00 1.000 00
ZWCIZ)





RC 6 )= 6 .4120-02 
RC 3 )= 2 .1370-02
ZWCIZ)
-  159  -
11=-0.030 12=-0.023 13=-0.015 14=-0.008 15=-0.002
0.000-01 0.000-01 0.000-01 0.000-01 0.000-01 
7.670-02 2.390-01 3.840-01 4.210-01 4.930-01 
-1.180-01 -3.640-01 -4.810-01 -7.720-01 -9.120-01
-3.200-01 -1.230 00 -2.090 00 -2.250 00 -2.240 00
1.000 00 1.000 00 1.000 00 -2.250 00 -2.500 00
1.000 00 1.000 00 1.000 00 -2.250 00 -2.630 00
16= 0.002 17= 0.008 18= 0.015 19= 0.023 20= 0.030




RC 9 )= 1 .0690-01 
RC 6 )=6 .4120-02 
RC 3 )= 2 .1370-02
ZWCIZ)
0.000-01 0.000-01 0.000-01 0.000-01 0.000-01 
6.340-01 7.350-01 9.230-01 1.320 00 1.590 00 
-1.010 00 -1.080 00 -1.170 00 -1.260 00 -1.270 00
-2.300 00 -2.360 00 -2.460 00 -2.660 00 -2.810 00
-2.720 00 -2.860 00 -3.040 00 -3.360 00 -3.580 00
-2.940 00 - 3 .1 3 0  00 - 3 .3 7 0  00 -3.800 00 -4.090 00
21= 0.038 22= 0.044 23= 0.052 24= 0.072 25= 0.098
FIELO VALUES OF W
RC 18)=2.2800-01 0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
RC 15)=1.9240-01 1.670 00 1.550 00 1.220 00 7.170-01 0.000-01
RC 12)=1.4960-01 
RC 9 )= 1 .0690-01 
RC 6 )= 6 .4120-02 
RC 3 )= 2 .1370-02
ZWCIZ)
-1.240 00 -1.160 00 -9.59D-01 -5.670-01 0.000-01
-2.760 00 -2.500 CO -2.000 00 -1.200 00 0.000-01
-3.540 00 - 3 .2 2 0  00 -2.59D 00 -1.570 00 0.000-01
- 4 .0 7 0  00 -3.740 00 - 3 .0 5 0  00 -1.89D 00 0 . 000-01
26= 0.124 27= 0.150 28= 0.176 29= 0.202 30= 0.228
FIELO VALUES OF U 
RUC 17)=2.2800-01 
RUC 14)=1.8520-01 
RUC 11)= 1 .4250-01 
RUC 8 )= 9 .9750-02  
RUC 5 )= 5 .7 000-02  




0 . 000-01 0.000-01 0 .000-010 . 000-01
-2.95D 00 -1.93D 00 -1.100 00 -5.490-01
0.000-01 - 3 .4 5 0  00 - 2 .2 9 0  00 -1.410 00 -7.080-01
0.000-01 - 2 .9 4 0  00 - I . 9 ID 00 -1.180 00 -5.950-01
0.000-01 -1.91D 00 -1.210 00 -7.370-01 -3.600-01
0.000-01 -5.57D-01 -3.160-01 -1.840-01 -8.700-02
1=-0.228 2=-0.215 3 = -0 .189 4= -0 .l63  5=-0.137
FIELO VALUES OF U 
RUC 17)=2.2800-01 
RUC 14)=1.8520-01 
RUC 11)= 1 .4250-01 
RUC 8 )= 9 .9750-02  
RUC 5)= 5 .7 00 0 -02  
RUC 2 )= 1 .4250-02
ZCIZ)
FIELO VALUES OF U 
RUC 17)=2.2800-01 
RUC 14)=1.8520-01 
RUC 11)= 1 .4250-01 
RUC 8 )= 9 .9 750-02  
RUC 5)= 5 .7000-02 
RUC 2 )= 1 .4250-02
ZCIZ)
FIELO VALUES OF U 
RUC 17)=2.2800-01 
RUC 14)=1.8520-01
0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
-1.670-01 1.820-01 6.140-01 9.650-01 1.060 00
- 1 . 150-01 4.510-01 9.220-01 1.230 00. 1.37D 00
-8.020-02 4 . 09D-OI 7.93D-01 9 . 83D-01  1,120 00
-3.19D-02 2 . 900-01  5.720-01 7.31D-01 8.53D-01
-1.790-03 8.450-02 1.640-01 2.130-01 2.520-01
6=-0.111 7=-0.085 8=-0.059 9=-0.046 10=-0.042
0 . 000-01- 0 . 000-01 0 . 000-01 0 . 000-01 0 .000-01
1 .2 9 0  00 1 .71 0  00 2.730 00 4.870 00 8 .0 1 0  00
1.640 00 1.960 00 2 .3 3 0  00 5.750 00 9.080 00
1 .3 3 0  00 1.560 00 1.110 00 1.000 00 1.000 00
1 .0 3 0  00 1 .22 0  00 6 . 320-01  1 .00 0  00 1 .0 0 0  00
3 . 090-01  3 . 79D-OI 1.580-01 1.000 00 1.000 00
11=-0 .0 3 4  12=-0.027 13=-0.019 14=-0.011 15=-0.004
0 . 000-01 0 . 000-01 0 . 000-01 0 . 000-01 0 . 000-01
9.240 00 8.010 00 4.880 00 2.730 00 1.710 00
-  1 6 0  -
Kuc i i ; = i . 4 2 5 D - u i  i . u i u  u i  y . u ü u  uu b . Y b U  uo 2 . 3 4 0  uu 1 . 9 7 0  uu
RU( 8)=9.975D-02 1 .OOD 00 1.00D 00 1 .OOD 00 1.1 ID 00 1 .58D 00
RU( 5)=5.700D-02 1.00D 00 1 .OOD 00 1 .OOD 00 6.32D-01 1.23D 00
RU( 2)=1.425D-02 1.00D 00 1 .OOD 00 1.00D 00 1.58D-01 3.82D-01
Z(IZ ) 16= 0.000 17= 0.004 18= 0.011 19= 0.019 20= 0.027
RUC 17)=2.280D-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01
RUC 14)=1.852D-01 1.29D 00 1.06D 00 9.68D-01 6.16D-01 1.84D-01
RUC 11 ) = 1 .425D-01 1.65D 00 1 .37D 00 1 .24D 00 9.26D-01 4.54D-01
RUC 8)=9.975D-02 1 .34D 00 1.14D00 9.93D-01 8.00D-01 4.14D-01
RUC 5)=5.700D-02 1.04D 00 8.62D-01 7.39D-01 5.78D-01 2.94D-01
RUC 2) = 1. 425D-02 3- 1 ID-01 2.54D-01 2 . 15D-01 1.66D-01 8.56D-02
ZCIZ) 21= 0 .0 3 4  22= 0.042 23= 0.046 24= 0.059 25= 0.085
RUC 17)=2.280D-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01
RUC 14)=1.852D-01 -1.66D-01 -5.47D-01 -1.11D 00 -1.94D 00 -2.95D 00
RUC 11)=1.425D-01 -1.12D-01 -7.06D-01 -1.40D 00 -2.29D 00 -3.47D 00
RUC 8)=9.975D-02 -7.70D-02 -5.93D-01 -1.18D 00 -1.92D 00 -2.96D 00
RUC 5)=5.700D-02 -2.97D-02 -3.60D-01 -7.39D-01 -1.22D 00 -1.93D 00
RUC 2)=1.425D-02 - 1 . 33D-O3 - 8 . 72D-0 2  - 1 . 86D-01  - 3 . 19D-01  -5.59D-01
ZCIZ) 26= 0.111 27= 0 .1 3 7  28= 0.163 29= 0.189 30= 0.215
FIEI.D VALUES OF U ----------- --------- U
RUC 17)=2.280D-01 0.000-01





ZCIZ) 3 1 = 0 .2 2 8
FIELD VALUES OF V ■ a *  ^  «V ^  ^  ^  MB ^  ■
RC 18)=2.280D-01 0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
RC 15)=1.924D-01 0.000-01 1.540 00 1.350 00 1.090 00 9 . 030-01
RC 12)=1.496D-01 0.000-01 1 .73 0  00 1.490 00 1.220 00 1.010 00
RC 9)=1.069D-01 0.000-01 1 .970  00 1 .7 5 0  00 1.550 00 1 .3 9 0  00
RC 6)=6.412D-02 0.000-01 2 .0 7 0  00 1.840 00 1.630 00 1.440 00
RC 3)=2.137D-02 0.000-01 1.360 00 1.130 00 9.430-01 7.830-01
ZCIZ) 1 =-0.228 2=-0.215 3 = -0 .189 4 = -0 .163 5=-0 . 137
FIELD VALUES OF V _____ Y
RC 18)=2.280D-01 0.000-01 0.000-01 0. 000-01 0.000-01 0.000-01
RC 15)=1.924D-01 7.69D-01 6.630-01 5.790-01 5.580-01 5.760-01
RC 12)=1.496D-01 8.760-01 7.980-01 7.530-01 7.240-01 7.110-01
RC 9)=1.069D-01 1.240 00 1 .090  00 9.760-01 9 . 190-01 8.780-01
RC 6)=6.412D-02 1 .2 5 0  00 1.060 00 9.080-01 8.340-01 7.800-01
RC 3)=2.137D-02 6.450-01 5.190-01 4.250-01 3.820-01 3 . 510-01
ZCIZ) 6=-0. I l l 7=-0.085 8=-0.059 9=-0.046 10=-0.042
FIELD VALUES OF V _____ Y
RC 18)=2.280D-01 0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
RC 15)=1.9240-01 6.260-01 7.880-01 1 .29 0  00 2 .3 9 0  00 3 .4 3 0  00
RC 12)=1.4960-01 6.810-01 6.410-01 1.110 00 3 .7 7 0  00 5.080 00
RC 9 )= 1 .0690-01 8.200-01 7 . 590-01 9.040 00 9.040 00 9.040 00
RC 6)= 6 .4120-02 7.050-01 6 . 250-01 5.420 00 1.000 00 1.000 00
RC 3 )= 2 .1370-02 3 . 100-01 2.650-01 1.810 00 1.000 00 1.000 00
ZCIZ) 11=-0 .0 3 4  12=-0.027 13=-0.019 14=-0.011 15=-0.004
-  1 6 1  -
FIELD VALUES OF V -------------------------------------- V
R( 18)=2.280D-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01 
R( 15)=1.924D-01 3.73D 00 3.44D 00 2.40D 00 1.29D 00 7.87D-01
R( 12)=1.4960-01 5.360 00 5.080 00 3.770 00 1.110 00 6.400-01
R( 9 )= 1 .0690-01 9.040 00 9.040 00 9.040 00 9.040 00 7.590-01
R( o )= 6 .4120-02 1.000 00 1.000 00 1.000 00 5.420 00 6.260-01
R( 3)=2.137D-02 1.000 00 1.000 00 1.000 00 1.810 00 2.650-01
Z(IZ ) 16= 0.000 17= 0.004 18= 0.011 19= 0.019 20= 0.027
FIELO VALUES OF V ----------- ----------------- -------- V ----------------
R( 181=2.2800-01 0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
R( 151=1.9240-01 6.260-01 5.750-01 5.570-01 5.770-01 6.610-01
R( 121=1.4960-01 6.800-01 7.100-01 7.230-01 7.510-01 7.960-01
R( 91=1.0690-01 8.200-01 8.780-01 9.190-01 9.760-01 1.090 00
R( 61=6.4120-02 7.060-01 7.820-01 8.360-01 9.100-01 1.070 00
R( 31=2.1370-02 3.110-01 3.530-01 3.830-01 4.270-01 5.210-01
Z(IZ ) 21= 0.034 22= 0.042 23= 0.046 24= 0.059 25= 0.085
FIELO VALUES OF V  V -----------------------------------
R( 181=2.2800-01 0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
R( 15)=1.9240-01 7.670-01 9.000-01 1.09D 00 1.350 00 1.540 00
R( 12)=1.4960-01 8.740-01 1.010 00 1.220 00 1.490 00 1.73D 00
R( 9)=1.0690-01 1.240 00 1.390 00 1.550 00 1.750 00 1.970 00
R( 6 )= 6 .4120-02 1.260 00 1.440 00 1.640 00 1.850 00 2.080 00
R( 3 )= 2 .1370-02 6.480-01 7.870-01 9.480-01 1.140 00 1.370 00
Z(IZ ) 26= 0.111 27= 0.137 28= 0.163 29= 0.189 30= 0.215







Z(IZ ) 3 1 = 0.228
FIELO VALUES OF TKE -------------------------------------TKE
R( 181=2.2800-01 2.720-01 2.720-01 3.260-01 4.220-01 5.150-01
R( 151=1.9240-01 4.320-01 4.320-01 1.160 00 1.560 00 1.690 00
R( 121=1.4960-01 3.050-01 3.050-01 8.160-01 9.860-01 1.030 00
R( 91=1.0690-01 2.430-01 2.430-01 5.570-01 6.350-01 6.290-01
R( 61=6.4120-02 1.990-01 1.990-01 4.050-01 4.450-01 4.340-01
R( 31=2.1370-02 1.700-01 1.700-01 2.960-01 3.110-01 2.990-01
Z(IZ ) 1=-0.228 2=-0.215 3=-0.189 4= -0 .l63  5=-0.137
FIELO VALUES OF TKE -----------------------------------T K E --------------------------------------
R( 181=2.2800-01 5.880-01 6.560-01 7.490-01 8.670-01 9.520-01
R( 151=1.9240-01 1.640 00 1.450 00 1.140 00 8.270-01 7.920-01
R( 121=1.4960-01 9.740-01 8.380-01 7.050-01 6.390-01 6.190-01
R( 91=1.0690-01 5.880-01 5.340-01 4.920-01 4.740-01 4.620-01
R( 61=6.4120-02 4.060-01 3.770-01 3.630-01 3.600-01 3.640-01
R( 31=2.1370-02 2.810-01 2.670-01 2.670-01 2.720-01 2.800-01
Z(IZ ) 6=-0.111 7=-0.085 8=-0.059 9=-0.046 10=-0.042
FIELO VALUES OF TKE  TKE ------------------------------------
R( 181=2.2800-01 1.020 00 1.140 00 1.290 00 1.410 00 1.230 00
R( 151=1.9240-01 8.000-01 1.130 00 2.200 00 3.210 00 1.520 00
.R( 121=1.4960-01 5.970-01 6.420-01 2.260 00 2.540 00 6.440-01
R( 91=1.0690-01 4.470-01 2.230 00 3-930-29 1.310-29 8.510-30
MI  0 ; = D . 4 I ^ U - U Z
R( 3)=2.137D-02 
Z (IZ )
-  162  -
j . Y 4 U - U I  i . i b u  uu j . i y u - 2 9  i . u u u  uu i . uuu uu 
3.02D-01 4.24D-01 9.360-30 1 .OOD 00 l.OOD 00
11=-0.034 12=-0.027 13=-0.019 14=-0.011 15=-0.004
FIELD VALUES OF TKE -TKE
R( 181=2.2800-01 8.470-01 1.230 00 1.400 00 1.280 00 1.140 00
R( 151=1.9240-01 5.360-01 1.510 00 3.200 00 2.190 00 1.120 00
R( 121=1.4960-01 1.110-01 6.400-01 2.530 00 2.250 00 6.390-01
R( 91=1.0690-01 5.450-30 8.390-30 1.280-29 3.760-29 2.220 00
R( 61=6.4120-02 1.000 00 1.000 00 1.000 00 3.190-29 1. 160 00
R( 31=2.1370-02 1.000 00 1.000 00 1.000 00 9.430-30 4.270-01
Z d Z )  16= 0.000 ■17= 0.004 ■18= 0.011 '19= 0.019 20= 0.027
FIELO VALUES OF TKE --------- TKE -
R( 181=2.2800-01 1.020 00 9.500-01 8.660-01 7.470-01 6. 560-01
R( 151=1.9240-01 7.960-01 7.880-01 8.230-01 1.130 00 1.450 00
R( 121=1.4960-01 5.940-01 6.160-01 6.360-01 7.030-01 8.350-01
R( 91=1.0690-01 4.460-01 4.610-01 4.730-01 4.910-01 5.320-01
R( 61=6.4120-02 3.750-01 3.640-01 3.610-01 3.630-01 3.770-01
R( 31=2.137D-02 3.040-01 2.820-01 2.740-01 2.680-01 2.690-01
Z(IZ ) 21= 0.034 22= 0.042 23= 0.046 24= 0.059 25= 0.085













9 . 710-01 
5.860-01
4.050-01
5 . 150-01 




















2.820-01 3.010-01 3.130-01 2.980-01 1.710-01
Z(IZ ) 26= 0.111 27= 0. 137 28= 0. 163 29= 0. 189 30= 0.215



















Z d Z l 31= 0.228
FIELD VALUES OF TEO -TEO







0 . 000-01 
0 . 000-01 
0 . 000-01 






















1=-0.228 2=-0.215 3 = -0 .189 4 = -0 .163 5=-0.137
0 . 000-01 0 . 000-01 0 . 000-01 0 . 000-01 0 . 000-01
FIELD VALUES OF TED 
R( 181=2.2800-01
R( 151=1.9240-01 3.810 01 3.200 01 2.210 01 1.480 01 1.610 01
R( 121=1.4960-01 1.31D 01 1.000 01 7.640 00 6.59D 00 6.29D 00
R( 91=1.0690-01 7.200 00 6.060 00 5.320 00 5.010 00 4.810 00
R( 61=6.4120-02 4.960 00 4.340 00 4.020 00 3.950 00 3.970 00
R( 31=2.1370-02 3.400 00 3.070 00 2.980 00 3.030 00 3.120 00
Z d Z l  6=-0. 111 7=-0.085 8=-0.059 9=-0.046 10=-0.042
FIELO VALUES OF TEO ------------------- TEO--------------------------------------
- 163 -
K( lü;=k.2ÜUU-Ul Ü.ÜUD-Ul O.üüD-UI O.OUD-Ul Ü.ÜÜD-01 Ü.UUD-Ul
R( 15)=1.924D-01 2.26D 01 4.87D 01 1.34D 02 2.57D 02 1 .30D 02
R( 12)=1.496D-01 6.19D 00 1.29D 01 1 .60D 02 2.53D 02 6.23D 01
R( 9)=1.069D-01 4.59D 00 1.77D 02 1 .38D-27 5.56D-29 1.59D-29
R( 6)=6.412D-02 4.10D 00 3.80D 01 1.82D-28 1.00D 00 1.00D 00
R( 3)=2.137D-02 3.43D 00 5.66D 00 2.17D-29 1.00D 00 1.00D 00
1(11)  11=-0.03% 12=-0.027 13=-0.019 14=-0.011 15=-0.004
FIELD VALUES OF TED ------------------------------------TE D --------------------------------------
R( 18)=2.280D-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01
R( 15)=1.924D-01 4.16D 01 1.29D 02 2.57D 02 1.34D 02 4.85D 01
R( 12)=1.496D-01 9.59D 00 6.19D 01 2.51D 02 1 .59D 02 1.29D 01
R( 9)=1.069D-01 9.09D-30 1.51D-29 5.18D-29 1.36D-27 1.76D 02
R( 6)=6.412D-02 1.00D 00 1.00D 00 1 .OOD 00 1.79D-28 3.80D 01
R( 3)=2.137D-02 1 .OOD 00 1.00D 00 1.00D 00 2.16D-29 5.7%D 00
Z(IZ ) 16= 0.000 17= 0.004 18= 0.011 19= 0.019 20= 0.027
FIELD VALUES OF TED ------------------------------------TE D --------------------------------------
R( 18)=2.280D-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01
R( 15)=1.924D-01 2.25D 01 1.60D 01 1.47D 01 2.19D 01 3.18D 01
R( 12)=1.496D-01 6 . 15D 00 6.26D 00 6.55D 00 7.60D 00 9.95D 00
R( 9)=1.069D-01 4.58D 00 4.80D 00 5 . OOD 00 5.31D 00 6.04D 00
R( 6)=6.412D-02 4.13D 00 3.99D 00 3.96D 00 4.03D 00 4.34D 00
R( 3)=2.137D-02 3.48D 00 3.16D 00 3.06D 00 3.01D 00 3.10D 00
Z (IZ ) 21= 0.034 22= 0.042 23= 0.046 24= 0.059 25= 0.085
FIELD VALUES OF TED ------------------------------------TE D --------------------------------------
R( 18)=2.280D-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01
R( 15)=1.924D-01 3.79D 01 3.97D 01 3.63D 01 2.73D 01 8.93D 00
R( 12)=1.496D-01 1.31D 01 1 .53D 01 1.61D 01 1.47D 01 5 . 34D 00
R( 9)=1.069D-01 7.17D 00 8.33D 00 9.21D 00 8.83D 00 3.80D 00
R( 6)=6.412D-02 4.96D 00 5.69D 00 6.29D 00 6.12D 00 2.83D 00
R( 3)=2.137D-02 3.44D 00 3.90D 00 4.33D 00 4.34D 00 2.23D 00
Z(IZ ) 26= 0.111 27= 0.137 28= 0.163 29= 0.189 30= 0.215







Z (IZ ) 31= 0.228
FIELD VALUES OF P  F -----------------------------------
R( 17)=2.209D-01 2.94D-01 -6.31D 00 -1.13D 01 -1.44D 01 -1.56D 01
R( 14)=1.781D-01 -5.48D 00 -1.01D 01 -1.34D 01 -1.55D 01 -1.66D 01
R( 11)=1.354D-01 -7.65D 00 -1.01D 01 -1.27D 01 -1.46D 01 -1.57D 01
R( 8)=9.262D-02 -5.62D 00 -6.73D 00 -9.41D 00 -1.16D 01 -1.29D 01
R( 5)=4.987D-02 -2.40D 00 - 2 . 89D 00 -6.07D 00 -8.74D 00 -1.02D 01
R( 2)=7.125D-03 O.OOD-01 -3.49D-01 -4.18D 00 -7 .1 8D 00 -8.82D 00
Z(IZ ) . 2=-0.215 3=-0.189 4=_0.163 5=-0.137 6=-0.111
FIELD VALUES OF P  P -----------------------------------
R( 17)=2.209D-01 -1.53D 01 -1.33D 01 - 1 .1 1D 01 -9.45D 00 -6.13D 00
R( 14)=1.781D-01 -1.67D 01 -1.59D 01 -1.53D 01 -1.51D 01 - 1 . 47D 01
R( 11)=1.354D-01 -1.57D 01 -1.49D 01 -1.41D 01 -1.37D 01 -1.31D 01
R( 8)=9.262D-02 -1.31D 01 -1.22D 01 -1.12D 01 -1.08D 01 -1.05D 01
R( 5)=4.987D-02 -1.04D 01 -9.22D 00 -7.73D 00 - 7 . OOD 00 -6.43D 00
R( 2)=7.125D-03 -8.92D 00 -7.45D 00 - 5 . 51D o6 -4.54D 00 -3.79D 00
-  1 6 4  -
Z(IZ ) 7=-0.085 8=-0.059 9=-0.046 10=-0.042 11=-0.034
FIELD VALUES OF P  P ------------------------------------
R( 17)=2.209D-01 -1.23D 00 5.76D 00 1.44D 01 2.01D 01 2.12D 01
R( 14)=1.781D-01 -1.44D 01 -1.40D 01 - 1 . 34D 01 -1.26D 01 -1.24D 01
R( 1 1.)=1.354D-01 -1.24D 01 -1.16D 01 -1.05D 01 -9.23D 00 -8.93D 00
R( 8)=9.262D-02 -1.00D 01 1.00D 00 1.00D 00 1.00D 00 1.00D 00
R( 5)=4.987D-02 -5.63D 00 1.00D 00 1.00D 00 1.00D 00 1 .OOD 00
R( 2)=7.125D-03 -2.68D 00 1.00D 00 1.00D 00 1.00D 00 1.00D 00
Z(IZ ) 12=-0.027 13=-0.019 14=-0.011 15=-0.004 16= 0.000
FIELD VALUES OF P  P ------------------------------------
R( 17)=2.209D-01 2.01D 01 1.44D 01 5.78D 00 -1.22D 00 -6.12D 00
R( 14)=1.781D-01 -1.26D 01 -1.34D 01 -1.40D 01 -1.44D 01 -1.47D 01
R( 11)=1.354D-01 -9.24D 00 -1.05D 01 -1.16D 01 -1.24D 01 -1.31D 01
R( 8)=9.262D-02 1 . 00D 00 1.00D 00 1.00D 00 -1.00D 01 -1.05D 01
R( 5)=4.987D-02 1.00D 00 1.00D 00 1.00D 00 -5.55D 00 -6.35D 00
R( 2)=7.125D-03 1.00D 00 1.00D 00 1.00D 00 -2.58D 00 -3.69D 00
Z(IZ ) 17= 0.004 18= 0.011 19= 0.019 20= 0.027 21= 0.034
FIELD VALUES OF P  P -----------------------------------
R( 17)=2.209D-01 -9.45D 00 -1.1 ID 01 -1.33D 01 -1.53D 01 -1.56D 01
R( 14)=1.781D-01 -1.51D 01 -1.53D 01 -1.59D 01 -1.67D 01 -1.66D 01
R( 11)=1.354D-01 -1.37D 01 -1.41D 01 -1.49D 01 - 1 . 58D 01 -1.57D 01
R( 8)=9.262D-02 -1,08D 01 -1.12D 01 -1.22D 01 -1.31D 01 -1.29D 01
R( 5)=4.987D-02 -6.93D 00 -7.67D 00 -9.18D 00 -1.04D 01 -1.02D 01
R( 2)=7.125D-03 -4.45D 00 -5.43D 00 -7.40D 00 -8.89D 00 -8.80D 00
Z(IZ ) 22= 0.042 23= 0.046 24= 0.059 25= 0.085 26= 0.111
FIELD VALUES OF P ------------------------ --------------P ------------------
R( 17)=2.209D-01 -1.44D 01 -1.14D 01 -6.30D 00 3.25D-01
R( 14)=1. 781D-01 -1.56D 01 -1.34D 01 -1.01D 01 -5.46D 00
R( 11)=1.354D-01 -1.46D 01 -1.27D 01 -1.01D 01 -7.71D 00
R( 8)=9.262D-02 -1.17D 01 -9.42D 00 -6.71D 00 -5.67D 00
R( 5)=4.987D-02 -8.73D 00 -6.04D 00 -2.81D 00 -2.39D 00
R( 2)=7.125D-03 -7.15D 00 -4.12D 00 -2.52D-01 3.92D-02
Z(IZ ) 27= 0.137 28= 0.163 29= 0.189 30= 0.215
FIELD VALUES OF EMU ------------------------------------- EMU
R( 18)=2.280D-01 1.81D-05 1.81D-05 1.81D-05 1.81D-05 1.81D-05
R( 15)=1.924D-01 1.81D-05 2.28D-03 5.35D-03 7.21D-03 7.82D-03
R( 12)=1.496D-01 1.81D-05 1 .92D-03 4.91D-03 6.51D-03 7.48D-03
R( 9)=1.069D-01 1.81D-05 1.71D-03 3.82D-03 4.75D-03 5 . 14D-03
R( 6)=6.412D-02 1.81D-05 1.55D-03 2.93D-03 3.44D-03 3.61D-03
R( 3)=2.137D-02 1.81D-05 1.44D-03 2.23D-03 2.47D-03 2.53D-03
Z(IZ ) 1=-0.228 2=-0.215 3=-0 .l89  4 = -0 .163 5=-0.137
FIELD VALUES OF EMU ------------------------------------ EMU--------------------------------------
R( 18)=2.280D-01 1.81D-05 1.81D-05 1.81D-05 1.81D-05 1.81D-05
R( 15)=1.924D-01 7.70D-03 7 . 17D-03 6.37D-03 5.05D-03 4.23D-03
R( 12)=1. 496D-01 7.85D-03 7.630-03 7.09D-03 6.74D-03 6.62D-03
R( 9) = 1 .069D-01 5.230-03 5.1 ID-03 4.960-03 4.880-03 4.830-03
R( 6 )= 6 .4120-02 3.620-03 3.580-03 3.570-03 3.590-03 3.630-03
R( 3 )= 2 .1370-02 2.530-03 2.540-03 2.600-03 2.670-03 2.740-03
Z(IZ ) 6 = - 0 .1 i r  7=-0.085 8=-0.059 9=-0.046 10=-0.042
FIELD VALUES OF EMU ------------------------------------ EMU--------------------------------------
R( 18)=2.2800-01 1.810-05 1.810-05 1.810-05 1.810-05 1.810-05
R( 15 ) = 1 .9240-01 3 . 0 9 0 -0 3  2.860-03 3.920-03 4.360-03 1.940-03
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KC 12)=1.49bD-01 5.27D-03 3 . 490-03 3 .490-03 2.790-03 7.410-04
R( 9)=1.069D-01 4.750-03 3.060-03 1.810-05 1.810-05 1.810-05
R( 6)=6.412D-02 3.710-03 3.820-03 1.810-05 1.000 00 1.000 00
R( 3)=2.137D-02 2.890-03 3.460-03 1.810-05 1.000 00 1.000 00
Z(IZ ) 111=-0.034 12=-0.027 13=-0.019 14=-0.011 15=-0.004
FIELD VALUES OF EMU —— —EMU —
R( 18)=2.280D-01 1.810-05 1.810-05 1.810-05 1.810-05 1.810-05
R( 15)=1.924D-01 7.680-04 1 . 920-03 4 . 340 -03 3.910-03 2.850-03
R( 12)=1.496D-01 1 .57D-04 7.370-04 2.780-03 3 . 470 -03 3 . 450 -03
R( 9)=1.069D-01 1.810-05 1.810-05 1.810-05 1.810-05 3 .060-03
R( 6)=6.412D-02 1.000 00 1.000 00 1.000 00 1.810-05 3.83D-03
R( 3)=2.137D-02 1.000 00 1.000 00 1.000 00 1.810-05 3 . 470 -03
Z(IZ ) 16= 0.000 17= 0.004 18= 0.011 19= 0.019 20= 0.027
FIELD VALUES OF EMU ---------EMU -
R( 18)=2.280D-01 1.810-05 1.810-05 1.810-05 1.810-05 1.810-05
R( 15)=1.924D-01 3.080-03 4 . 210 -03 5.030-03 6.360-03 7.160-03
R( 12)=1.496D-01 6.25D-03 6.59D-03 6 . 7 20-03 7 .060-03 7.610-03
R( 9)=1.069D-01 4.730-03 4.810-03 4.860-03 4 . 940-03 5.09D-03
R( 6)=6.412D-02 3.710-03 3.620-03 3.580-03 3.560-03 3.560-03
R( 3)=2.137D-02 2.900 - 2 . 740 -03 2.670-03 2.610-03 2.540-03
Z(IZ) 21 = 0.034 22= 0.042 23= 0.046 24= 0.059 25= 0.085
FIELD VALUES OF EMU — ———EMU —
R( 18)=2.280D-01 1.810-05 1.810-05 1.810-05 1.810-05 1.810-05
R( 15)=1.924D-01 7.680-03 7.800-03 7 . 170-03 5 . 310-03 2.280-03
R( 12)=1.496D-01 7.830-03 7.460-03 6 . 5 00 -03 4.890-03 1 . 920 -03
R( 9)=1.069D-01 5.210-03 5. 120-03 4.730-03 3 .800-03 1 . 720 -0 3
R( 6)=6.412D-02 3.610-03 3 . 59D-O3 3 . 430-03 2 . 920 -03 1.560-03
R( 3)=2.137D-02 2.530-03 2.53D-03 2.470-03 2.240-03 1.440-03
Z(IZ ) 26= 0. 111 27= 0.137 28= 0. 163 29= 0. 189 30= 0.215
PTFin vûTirp«; np pmii





R( 6 )= 6 .4120-02 1.810-05
R( 3)=2. 1370-02 1.810-05
Z(IZ ) 31= 0.228
VALUES NEAR VESSEL WALL
IZ TAU R +
2 3 . 9000-02 1.3550 02
3 7.8350-02 1.4840 02
4 1.1550-01 1.6880 02
5 1.4380-01 1.8650 02
6 1.6340-01 1.9920 02
7 1.7790-01 2.1050 02
8 1 . 9010-01 2.2480 02
9 1.9940-01 2.4190 02
10 2.0540-01 2.5340 02
11 2 . 0390-01 2.6290 02
12 2.0110-01 2.7770 02
13 1.9040-01 2 .9 4 7 0 02
14 1.6490-01 3.0800 02
15 1.2130-01 2.8830 02
16 9.9830-02 2 .3 9 1 0 02
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17 1.21U0-U1 2.8770 02
18 1.6460-01 3.0760 02
19 1 . 9020-01 2 .9 4 3 0 02
20 2.0090-01 2.7730 02
21 2 . 0370-01 2.6260 02
22 2.053D-01 2 .5 3 2 0 02
23 1.993D-01 2.4170 02
24 1.9000-01 2.2460 02
25 1.7790-01 .2.1040 02
26 1.6340-01 I . 9 9 ID 02
27 1.4380-01 1.8640 02
28 1 . 1550-01 1.6870 02
29 7.8190-02 1.4830 02
30 3.8870-02 1.3540 02
















































2 .9 4 3 0  02 
3.1210 02 
3 .1 3 6 0  02
2.4780 02




















2 . 3220-02  
3 . 2550-02 
4 . 0070-02  
4.6460-02 
5.2180-02
5 . 7470-02 
6 . 2 350-02  
6. 6700-02 
7 . 0290-02 
7.2800-02 
7.3800-02 







2 .0 0 3 0  02 
2.0610 02 
2 .1 2 7 0  02 
2 .1 9 7 0  02 
2.2700 02 
2 .3 4 7 0  02 




2 .9 4 4 0  02 
3.1200 02 
3 .1 3 2 0  02 
2 .4 7 5 0  02




R( 9 )= 1 .0690-01 
R( 6 )= 6 .4120-02 
. R( 3 )= 2 .1370-02
0 . 000-01 
0 . 000-01 
0.000-01 










4 . 100-03 
4 . 490 -03
4 . 220 -03
3 .800-03 
3.380-03










4 . 520 -0 3
3.810-03
Z(IZ ) 1=-0.228 2=-0.215 3=-0.189 4= -0 . l63  5=-0.137
-  1 6 7  -
FIELD VALUES OF L ------------------------------------- L
R( 18)=2.280D-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01
R( 15)=1.924D-01 4.97D-03 4.930-03 4.940-03 4.590-03 3-930-03
R( 12)=1.4960-01 6.580-03 6.900-03 6.980-03 6.980-03 6.960-03
R( 9)=1.0690-01 5.640-03 5.790-03 5.840-03 5.860-03 5.870-03
R( 6 )= 6 .4120-02 4.690-03 4.810-03 4.890-03 4.930-03 4.970-03
R( 3 )= 2 .1370-02 3.930-03 4.050-03 4.160-03 4.220-03 4.270-03
Z(IZ ) 6=-0.111 7=-0.085 8=-0.059 9=-0.046 10=-0.042
FIELO VALUES OF L ------------------------------------- L -----------------------------------
R( 18)=2.2800-01 0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
R( 15)=1.9240-01 2.850-03 2.220-03 2.19D-03 2.010-03 1.290-03
R( 12)=1.4960-01 6.71D-03 3.590-03 1.920-03 1.440-03 7.480-04
R( 9 )= 1 .0690-01 5.870-03 1.690-03 1.600-17 7.500-17 1.320-16
R( 6 )= 6 .4120-02 5.010-03 2.940-03 8.840-17 9.000-02 9.000-02
R( 3 )= 2 .1370-02 4.340-03 4.39D-03 1.13D-16 9.000-02 9.000-02
Z(IZ ) 11=-0.034 12=-0.027 13=-0.019 14=-0.011 15=-0.004
FIELO VALUES OF L ------------------------------------- L ------------------------------------
R( 18)=2.2800-01 0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
R( 15)=1.9240-01 8.490-04 1.29D-03 2.010-03 2.180-03 2.210-03
R( 12)=1.4960-01 3.460-04 7.460-04 1.440-03 1.91D-03 3.560-03
R( 9 )= 1 .0690-01 1.13D-16 1.360-16 7.780-17 1.53D-17 1.69D-03
R( 6 )= 6 .4120-02 9.000-02 9.000-02 9.000-02 9.040-17 2.940-03
R( 3 )= 2 .1370-02 9.000-02 9.000-02 9.000-02 1.150-16 4.380-03
Z(IZ) 16= 0.000 17= 0.004 18= 0.011 19= 0.019 20= 0.027
FIELO VALUES OF L -------------------------------------- L -----------------------------------
R( 18)=2.2800-01 0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
R( 15)=1.9240-01 2.850-03 3.920-03 4.580-03 4.940-03 4.93D-03
R( 12)=1.4960-01 6.710-03 6.950-03 6.970-03 6.980-03 6.900-03
R( 9 )= 1 .0690-01 5.850-03 5.850-03 5.850-03 5.830-03 5.770-03
R( 6 )= 6 .4120-02 5.000-03 4.950-03 4.920-03 4.880-03 4.790-03
R( 3 )= 2 .1370-02 4.340-03 4.260-03 4.210-03 4.150-03 4.040-03
Z(IZ ) 21= 0.034 22= 0.042 23= 0.046 24= 0.059 25= 0.085
FIELO VALUES OF L ------------------------------------- L ------------------------------------
R( 18)=2.2800-01 0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
R( 15)=1.9240-01 4.970-03 4.970-03 4.770-03 4.090-03 2.850-03
R( 12)=1.4960-01 6.580-03 6.100-03 5.420-03 4.490-03 2.850-03
R( 9 )= 1 .0690-01 5.630-03 5.350-03 4.920-03 4.220-03 2.850-03
R( 6 )= 6 .4120-02 4.680-03 4.510-03 4.250-03 3.790-03 2.850-03
R( 3 )= 2 .1370-02 3.930-03 3.800-03 3.640-03 3.380-03 2.850-03
Z(IZ ) 26= 0.111 27= 0.137 28= 0.163 29= 0.189 30= 0.215




R( 9 )= 1 .0690-01 0.000-01
R( 6 )= 6 .4120-02 0.000-01
R( 3 )= 2 .1370-02 0.000-01
Z(IZ) 31= 0.228
FIELO VALUES OF TINT -------------------------------------- TINT-
R( 18)=2.2800-01 0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
R( 15)=1.9240-01 ' 0.000-01 2.660-01 5.240-01 6.600-01 6.930-01
R( 12)=1.4960-01 0.000-01 1.460-01 3.240-01 4.730-01 5.960-01
R( 9)=1.0690-01 0.000-01 1.280-01 2.330-01 2.620-01 2.600-01
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Ml 0;=6.4120-U2 U.UUD-Ü1 1.35D-Ü1 1.990-01 1.930-01 1.780-01
R( 3 )= 2 .1370-02 0. 000-01 1.970-01 1.930-01 1.580-01 1.380-01
Z(IZ ) 1 =-0.228 2=-0.215 3 = -0 .189 4 = -0 .163 5 = -0 .137
FIELO VALUES OF TINT ---------- — —— TINT-
R( 18)=2.2800-01 0. 000-01 0.000-01 0.000-01 0.000-01 0.000-01
R( 15)= 1 .9240-01 7.090-01 7.540-01 8.390-01 8.370-01 8.290-01
R( 32)=1.4960-01 6.400-01 5.920-01 5.030-01 4.410-01 4.260-01
R( 9)=1.0690-01 2.520-01 2.450-01 2.440-01 2.470-01 2.460-01
R( 6 )= 6 .4120-02 1.690-01 1.690-01 1.780-01 1.890-01 1.960-01
R( 3 )= 2 .1370-02 1.290-01 1 . 300-01 1.430-01 1.580-01 1.710-01
Z(IZ ) 6=-0. I l l 7=-0.085 8=-0.059 9=-0.046 10=-0.042
FIELO VALUES OF TINT ---------- — — T INT -
R( 18>=2.2800-01 0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
R( 15)=1.9240-01 7.780-01 6.900-01 5.960-01 4. 180-01 1.830-01
R( 12)=1.4960-01 3.850-01 3.550-01 5.030-01 2.440-01 7.990-02
R( 9 )= 1 .0690-01 2.410-01 5.310-01 1.000 00 1.000 00 1.000 00
R( 6 )= 6 .4120-02 2.060-01 3.760-01 1.000 00 1.000 00 1.000 00
R( 3 )= 2 .1370-02 1.910-01 2.510-01 1.000 00 1.000 00 1.000 00
Z(IZ ) 11=-0.034 12=-0.027 13=-0.019 14=-0.011 15=-0.004
FIELO VALUES OF TINT ---------- —————TINT-
R( 18)=2.2800-01 0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
R( 15)=1.9240-01 9.590-02 1.820-01 4. 170-01 5.950-01 6.880-01
R( 12)=1.4960-01 2.960-02 7.960-02 2.440-01 5.010-01 3.540-01
R( 9)=1 .0690-01 1.000 00 1.000 00 1.000 00 1.000 00 5.290-01
R( 6 )= 6 .4120-02 1.000 00 1.000 00 1.000 00 1.000 00 3.750-01
R( 3 )= 2 .1370-02 1.000 00 1 .0 0 0  no 1.000 00 1.000 00 2.520-01
Z(IZ ) 16= 0.000 17= 0.004 18= 0.011 19= 0.019 20= 0.027
FIELO VALUES OF TINT — — ------- TINT-
R( 18)=2.2800-01 0.000-01 0.000-01 0.000-01 0.000-01 0.000-01
R( 15)=1.9240-01 7.750-01 8.260-01 8.330-01 8.360-01 7.520-01
R( 12)=1.4960-01 3.840-01 4.250-01 4.400-01 5.020-01 5.920-01
R( 9)=1.0690-01 2.400-01 2.450-01 2.460-01 2.440-01 2.450-01
R( 6 )= 6 .4120-02 2.050-01 1.960-01 1.880-01 1.770-01 1.680-01
R( 3 )= 2 .1370-02 1.910-01 1.710-01 1.580-01 1.430-01 1.300-01
Z(IZ ) 21= 0.034 22= 0.042 23= 0.046 24= 0.059 25= 0.085
FIELD VALUES OF TINT ——————————————————————XINT ——————————————————————
R( 18)=2.280D-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01 O.OOD-01
R( 15)=1.9240-01 7.060-01 6.900-01 6.570-01 5.200-01 2.660-01
R( 12)=1.4960-01 6.420-01 5.970-01 4.730-01 3.230-01 1.460-01
R( 9 )= 1 .0690-01 2.510-01 2.590-01 2.610-01 2.320-01 1.270-01
R( 6 )= 6 .4120-02 1.690-01 1.770-01 1.920-01 1.980-01 1.340-01
R( 3 )= 2 .1370-02 1.290-01 1.370-01 1.570-01 1.930-01 1.970-01
Z(IZ ) 26= 0.111 27= 0.137 28= 0.163 29= 0.189 30= 0.215






R( 3 )= 2 .1370-02 0.000-01
Z(IZ ) 31= 0.228
FIELO VALUES OF ABSV ----------------------   ABSV-
-  1 6 9  -
Ml 18;=2.2BUU-UI 1 .ülO-Ub 1. 81U--U5 1 . bID-Ub 1 . Ü1D--Ob 1 .«10--Ob
R( 15)=1-924D-01 1.810-05 2.470 00 2.060 00 1.890 00 1.880 00
R( 12)=1.4960-01 1.810-05 3-790 00 2.790 00 2. 100 00 1.700 00
R( 9)=1-0690-01 1.810-05 3-860 00 3.200 00 3.04D 00 3.050 00
R( 6 )= 6 .4120-02 1.810-05 3-320 00 3-190 00 3-460 00 3.690 00
R( 3 )= 2 .1370-02 1.810-05 2.090 00 2.820 00 3-540 00 3-970 00
Z(IZ ) 1=-0.228 2=-0.215 3 = -0 .189 4 = -0 .163 5 = -0 .137
'lELD VALUES OF ABSV ----------- ---------ABSV-
R( 18)=2.2800-01 1.810-05 1.810--05 1.810-05 1.810--05 1.810--05
R( 15)=1.924D-01 1.810 00 1.600 00 1.270 00 1.090 00 1.070 00
R( 12)=1.4960-01 1.540 00 1-550 00 1.670 00 1.810 00 1-850 00
R( 9)=1.0690-01 3.050 00 2.980 00 2.870 00 2.790 00 2.760 00
R( 6)= 6 .4120-02 3-760 00 3-64D 00 3-390 00 3. 180 00 3-070 00
R( 3 )= 2 .1370-02 4.1 ID 00 3-970 00 3.610 00 3.300 00 3-100 00
Z(IZ ) 6=-0.111 7=-0.085 8=-0.059 9=-0.046 10=-0.042
FIELD VALUES OF ABSV --------------------------------------ABSV-
R( 18)=2.280D-01 1.81D-05 1.81D-05 1.81D-05
R( 15)=1.924D-01 1.15D 00 1.54D 00 2.48D 00
R( 12)=1.4960-01 2.010 00 2.250 00 2.990 00
R( 9 )= 1 .0690-01 2.770 00 2.810 00 1.000 00
R( 6 )= 6 .4120-02 2.970 00 2.860 00 1.000 00













Z(IZ ) 11=-0.034 12=-0.027 13=-0.019 14=-0.011 15=-0.004




R( 9 )= 1 .0690-01 
R( 6 )= 6 .4120-02 

































16= 0.000 17= 0.004 18= 0.011 19= 0.019 20= 0.027




R( 9 )= 1 .0690-01 
R( 6 )= 6 .4120-02 










1.850  00 






















21= 0.034 22= 0.042 23= 0.046 24= 0.059 25= 0.085
FIELO VALUES OF ABSV --------------------------------------ABSV-
R( 18)=2.2800-01 1.810-05 1.810-05 1.810-05 1.810-05 1.810-05
R( 15)=1.9240-01 1.810 00 1.880 00 1.900 00 2.070 00 2.470 00
R( 12)=1.4960-01 1.540 00 1.700 00 2.090 00 2.790 00 3.800 00
R( 9)=1.0690-01 3.050 00 3.050 00 3.04D 00 3.210 00 3.890 00
R( 6 )= 6 .4120-02 3-780 00 3.710 CO 3.480 00 3.210 00 3-330 00
R( 3 )= 2 .1370-02 4.130 00 3-990 00 3-560 00 2.830 00 2.100 00
Z(IZ ) 26= 0. 111 27= 0. 137 28= 0.163 29= 0.189 30= 0.215




R( 9 )= 1 .0690-01 1.810-05
R( 6)=6.4120-02 1.810-0 5
R( 3 )= 2 .1370-02 1.810-0 5
1 7 0  -
Z(IZ) 31= 0.228
SYSTEM POWER CGNSUMPTI0N=2.58D 00 INTEGRATED TURBULENCE DISSIPATI0N=4. 04D-01 RATIO = 1.56D-0 
DISS IN CIRC’N Z0NES=2.24D-01








3p 3Pgff 3U^ 
9x^  9X|^  9x^
k G - pE
e Weff/Oe (e /k)(C  G - C pe)£l Eg
G — 2D^^^j8Uj/9x^
-  1 7 3  -
TABLE 2.2















9/,, 9W\ 1 9/ 9U\ 
âzl'^eff 3z) + 7  ar('^ '^eff W
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3z
u ^ eff â | ( V f  1?) 1?)
.  3p .  Z^effU py2 
3r ^2 r
V ^ eff t^eff W (? ) -  7  37(^eff ^  
, ! b
r
k G -  p£
e i(Ce,G  - C^^pe)
G,= p ^ { 2  ( | f ) 2  + (1^)2 + (^)2
+ ( w  + H ) '  + + ( | f  -  ? ) '>
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TABLE 6.1
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-  1 7 6  -
FIGURES
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Figure 1.1 GENERAL REPRESENTATION OF THE 
AGITATED VESSEL
-  1 7 8  -
The symbols have the follow ing d e fin itio n s :
cx = b/D 
B = Dj/D 
y = 2H/D 
= 2HC/D
X denotes the point (1 ,0 )  
and Zy denote surfaces swept by the im peller 
as i t  ro ta tes , and Z =
Figure 3.1 THE DIMENSIONLESS AGITATED SYSTEM





Figure 5.1 A COMPUTATIONAL CELL FOR *
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FLOW DIAGRAM FOR PREDICTION PROCEDURE. 
NB: Each increment in ISWEEP 





Account fo r  Boundaries
ISWEEP = ISWEEP + 1
See Fixed Value
Boundary Conditions




Update Zero Gradient 
Boundary Values
Solve Equations 5.18 
or 5.15 fo r A11 cj)On
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•  Mo im p e l l e r  Tu RBULEMCE 
O TURBULENCE— -  ON Z v  
O  DATA C T 4 ) 
□  TW O-VELOCITY P R E D IC T IO N S
Figure 6.1 RADIAL PROFILES u FOR DIFFERENT IMPELLER 
BOUNDARY CONDITIONS ON THE IMPELLER PLANE 
(COr =
-  1 8 3  -







Figure 6.2 PREDICTED RADIAL PROFILES OF u ON THE IMPELLER 
PLANE WITH ZERO IMPELLER TURBULENCE FOR VARIOUS 
DEGREES OF SWIRL - VERTICAL PLANE FLOW INTERACTION














Figure 6 .3  RADIAL PROFILES OF v FOR DIFFERENT PRESSURE 
DRAG COEFFICIENTS, ON THE IMPELLER PLANE, 
WITH NO IMPELLER TURBULENCE
-  185 -
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C o r  




Figure 6.4 AXIAL PROFILES OF v OVER THE VESSEL DEPTH 
AT r  = 0.05 m,FOR DIFFERENT VALUES OF Cg
-  1 8 6  -
V I ' O  M ODIFIED S g ,
1
r.m
Figure 6.5 RADIAL PROFILES OF v OVER THE VESSEL RADIUS 
AT Z = 0.163m, FOR DIFFERENT VALUES OF











Figure  6.6 AXIAL PROFILES OF u IN THE If'.PELLER STREAM





Figure 6.7 COMPARISON OF PREDICTED VALUES OF N g (r),
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Figure 6.9 AXIAL PROFILES OF v IN THE IMPELLER STREAM
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F igure 6.10 AXIAL PROFILES OF |u| IN THE IMPELLER STREAM





Figure 6.11 RADIAL PROFILE OF w AT Z = 0.038 m





Figure 6.12 RADIAL PROFILE OF w AT Z = 0.124 m




Sc a le :
10 m/6
Figure 6.13 VECTOR PLOT OF THE VERTICAL PLANE VELOCITY 
FIELD








Figure  6.14 CONTOURS OF v











F igure  6.15 AXIAL PROFILES OF k IN THE IMPELLER STREAM
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Figure 6.19 RADIAL PROFILES OF I IN THE IMPELLER 
STREAM
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F igure 6.20 AXIAL PROFILES OF I IN THE IMPELLER STREAM






Figure 6.21 CONTOURS OF I





Figure 6.22 AXIAL PROFILES OF 5. IN THE IMPELLER STREAM






Figure  6.23 CONTOURS OF l
